A Biologically-Inspired Model for a Spiking Retina by Wohrer, Adrien et al.
HAL Id: inria-00070178
https://hal.inria.fr/inria-00070178
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
A Biologically-Inspired Model for a Spiking Retina
Adrien Wohrer, Pierre Kornprobst, Thierry Viéville
To cite this version:
Adrien Wohrer, Pierre Kornprobst, Thierry Viéville. A Biologically-Inspired Model for a Spiking
Retina. [Research Report] RR-5848, INRIA. 2006, pp.78. ￿inria-00070178￿
IS
S
N
 0
24
9-
63
99
ap por t  
de  r ech er ch e 
Thème BIO
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
A Biologically-Inspired Model for a Spiking Retina
Adrien Wohrer — Pierre Kornprobst — Thierry Viéville
N° 5848
Février 2006
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
  		
	 "!#$%'&()(*,+-./
0 132547698;:=<?>3256@2
∗ A3B 47692C256ED<2C83F32C<G3HCI † AKJ >347692C2CLNM4PO@Q47RPRP6 ‡
SUTWV*X(Y	Z[]\_^a`cbedgf]VCXhY5dUijlknmlknonjqp9rYCd
sutvkxwyY*fz\|{bcdvd]}*Y
~nk@tgf{eYtvYCTYCtvTWY?3xn@	^'}*ctvjYCtnn@$^xxonY5d
C*#nn SUTYrtvk9dgYknUf]TjqdtvYCd]YCntvTjqd$f]kEt]k#cjq{eY ?kxf]YC9f]jqxm WY*rtvk@dvjlY*9f]jqdgfvd	nW{¡k@X£¢
Wref]YCtzd]*jYC9f]jqdyfdU¤j¥fvT¦x§xt]f]j¨jqxm©tvYfvj£X(ke{eYCm7ªW{Y*mlj@Y*tvjo d]jl«nYCdfvk TjlonTYCtg¢¬mYCnYCm?cjqdgrxm©fnd]«cd
d]jlXrmq#fvjk@Wd*­|SUTY(xtTj¥fvYCf]rtvY	kxuk@rt|t]Y*f]jlWX(ke{eY*m3jqdzind]YC{§k@¦t]Y5YC@f|Tcbedgjlknmlkno@jlCxmdgf]rW{jY5d*ª
d]k§fvTW#fhYCnT®Y5#f]rWt]Yjldt]YCmlxf]YC{fvk¦tvYCxm¯t]Y*f]jlW¦TWntv@°fvY*tvjldgf]jq*dC­§SUTYX(ke{eY*mjmlrW{eYCdh§mljWYCxt
¨m¥fvY*tvjot]ke*YCdvd*ªW®knmlmk#¤YC{icb§dyf#fvjl$Wkne¢¬mjlY5xtvj¥fyb@ªx{±f]TYCEd]jl«nY	o@Y*YCtvxf]jlkn±tvkc*YCdvd*­[¬f
fvTcrWd3dgjlXrmq#fvYCd/f]TWYk@ref]WrefukxfvTYUsKxtvnkeYCmmlrmqxt#f]Tc¤U²b$kxWWt]jlX #f]YtvYf]jlW@d*ª#?k@dvdgjlimlb$®knt3mqxtvonY*¢
dv*nmYd]jX£rmq#f]jlknd*­3S¤k$dgYCt]jlYCd3knfvYCdgfvd ¤¯YCt]YU?Y*t]®kntvXhY5{©³´¨tvdgf]mlbk@(d]jlonmlYY*mlmqd3®kntu¤TWjlT(ontvknrWW{
fvt]rf]TEjqd²#xjlmlnimY@ª?d]YC*knW{mb±knEt]Y5xmljldgf]jq	cjqdgrWnmdvYCYCdC­$SUTYht]YCk@tgfdgY*fvdµf]TYhiW@dgjqd®k@tz®rWtgfvTY*t
X(ke{eYCmjloW­¦SUTWjldjW*mr{eYCd£knWmjlYCnt	Y¶YCfvd	f]TWxfhk@rmq{"kcCrth{erYf]k§fvTY*knW{er°fvnWY*¢Pind]YC{
#f]rWt]YkxKd]b9xefvjljl9f]Y*tnf]jlknWdC­u·Wkxf]TWY*t®refvrtvY	Y¸cf]YCWd]jk@jqdX(ke{eY*mljWo kxf]TY¹ExonWkc*Y*mlmrWmlnt
#f]Tc¤U²bknWt]jlX #f]Yµt]Y*f]jlWndC­[¬f¯jqduknrWt¯k@c9jq°fvjk@(f]TWxf¯irWjmq{ejlo£d]rWT$ijlkx¢¬jlWdgWjtvYC{(X(ke{eY*m?¤jlmm
TWY*mlºjl"iY*fgf]YCt$rW{eYCtvdgfvnW{ejloTk#¤fvTY(t]Y*f]jlWYCtg®k@t]X dxW{xmqd]kjl"t]YCmlxf]jlok@iWd]Y*tv²xf]jlknWdzf]k
iWjk@mk@onjq*xmX(YCTxjqdgX dC­
»§¼9½¾v¿À #Án ~Yf]jlWWª©ÂzjqdgrWnmKdgbedgf]Y*X±ª´`cjl«nY5d*ª©s T9bed]jk@mk@onb@ª`cjlXrWmlxf]knt5ª©~YfvjWkxf]k@cbnª/Ã¯kn{erW°¢
fxW*YCdC­
∗ ÄÅ5Æ7ÇÉÈyÊ9Ë ÌÍ°Î²ÆÏÈyÆ¬ÐÑ7Í°Ò²Î²ÇÔÓ5Ë ÇÉÊ²ÆÏÇÔÓ5Ë ÕlÆ
† ÖÇÉÈyÆ7ÆÏÈ°Ë ×/Í°ÆÏÊ²Ò²ÆÏÍ°Ø²Ñ7Ù¬ÐÑPÍ°Ò5Î²ÇÔÓ5Ë ÇÉÊ²ÆÏÇÔÓ5Ë ÕlÆ
‡ Ú Î5ÇÉÈgÆÏÆ®Û*Ë ÜÇÉÈÞÝ5ÇÉßÉßÉÈ]ÐÑPÍ°Ò5Î²ÇÔÓ5Ë ÇÉÊ²ÆÏÇÔÓ5Ë ÕlÆ
      +. &(°)	%
	y?´±°3./  		
    Ã¯Y$tx?knt]fz(k@rtirfzml *t]}5#fvjk@{ r§X(ke{eV*mlY	{eY	tv}fvjWY	xt]f]j¨jlY*mlmY@ªW*nWxiWmY	{eY
*kncnYCtgfvjt$m je®k@t]X xf]jlkn"cjld]rY*mlmlYY* d]}*tvjY5d	{ }*X(jqd]d]jk@Wd	{eYknf]Y*9fvjYCmld£{ @°fvjk@´­EÃ¯YX(kc{V*mlYdgY
@Y*refµr§knrefvjm{eYd]jX£rmq#f]jlkn§?knrWtmY5dYCrtvk@dvjlY*9f]j¨p9rYCdCªX xjqd}Co@nmYCXhYC9frY	?k@dvdgjlimlY	Y*9fvt]}CY
?knrWt|{eY5dµd]bedyfv}*X(YCdµ{eYcjqdgjlknºxt]f]j¨jlY*mlmY£iWnd]}CdµdgrWtµ{erke{xo@Y	Wntf]YCX(Wd{ejldvtvYfd*­´Y£Xhke{eVCmY
Wrjld]Y(dgk@¦jdgjlt#f]jlknº{ejtvYCf]YCXhYC9f{nWdµmlTcbcd]jlknmlknonjlYnª?Yf$TW@rY({eYhdgY5d|*knX(?k@dvx9f]Y5d?Y*ref
 f]tvYt#fgfnT}CY§rYmkeCxmljldv#fvjk@WT9bed]jk@mk@onjqp9rY tv}Cjqd]Yn­ºÃ¯YCd£k@Xh?k@dvx9fvYCdd]kn9f£nr¡knX£itvY
{Y$f]tvknjqd*³r§¨m¥fvtvnonYd]W#fvjkn¢7fvY*X(?kntxmPªWdgrWjcj/{ rWYk@e¢Pmljl}Cnt]jf]}	dgfvxf]jqp@rWYrjqdz{ rEt]ke*YCdvdgrWd
{ }CXhjqdvdgjlknh{eYdgjl«nY5d*­´YX(kc{V*mlYtv}Cd]rmfvn@fKd]jX£rmYmlY¯®k@W°fvjk@YCXhYC9fK{Y¯mq|nknjlY sKnt]@kc*Y*mlmrWmlnjtvY
{YCd¯t]}*f]jlYCdU{eY5d tvjlX(xf]Y5d*­3s3knrt¯f]Y5dyfvY*tUmlYzX(ke{eV*mlYnªek@rWddgjlXrmlknd mlY|*knX(?knt]f]Y*X(YC@fU{ rYdgYCrmY
*Y*mlmrWmY£YfµmlY(knX(Wnt]k@Wd{eYCdµY*tvY*o@jldgf]YCX(Y*9fvdzTcbcd]jlknmlknonjqp9rYCdCªrWjld|k@rWdµd]jlXrmlknWdzmlt]}Ck@Wd]Y
{ rWYhtv}fvjWY£YC@fvjVCt]Y {eYCddgf]jlXrmq#fvjk@Wdcjld]rYCmmlYCdC­"!k@rWdtvkn?k@d]knWdµr"*@{et]Yf]T}Ckntvjlp9rYh?knrt
mlYCdUWY*rtvknY5d{eY$knf]tvY|X(ke{eVCmY@ªp@rWj´YCt]X(Y*fgf]t({ }f]r{ejYCtmlYCdU?kxf]YC9f]jlY*mqdY¶Yfdkn¢PmljW}CxjltvYCdU{erWd
mq#f]rWt]Y({eYCd*knrtx9fvdµjlknjqp9rYCd${nWd|mY5d|Y*rtvknWYCdCª´p@rWjudgk@@fn}CTjqrml}Cd|Wnt{YCdknrWnY*t]f]rWt]Y5d
{Y*knW{er°fvnWY5d*­#!k@rWdhtvkn?k@d]knWd}*o@nmYCX(Y*9fh{eY5dhjldgf]Y5d?knrWth}*f]YCW{etvYmlYX(ke{eV*mlY$¦mqE@knjlY
¹ExonWkc*Y*mlmrWmlnjtvY{eY±mqt]}*f]jlY§{erNt]jlX #fvYn­%!knrd dgk@XhX(Y5d£?Y*td]rWn{e}5d(p@r& rNX(ke{eV*mlY§#f]fvnTW}
nrefvn9fp@rWYuk9d]d]jlimY'UmlWT9bed]jk@mk@onjlY3YCt]X(Yf]f]t{eYuX(jlY*re¸tvY*mljYCt´mY5d´k@iWdgYCt]#xf]jlknWdY*¸c?}*tvjlXhYC9fvxmlYCd
hm ntvTWj¥fvYC°fvrtvYµijlknmlkno@jlp9rY$p9rj©mlY*rt{knY$xjqd]dvxW*Yn­
(À 5 ¾ *)  $ ~}*f]jlYnªn`ebcdgf]VCX(YcjqdgrWY*mPªn`cjl«nYCdCª#suTcbedgjlknmlkno@jY@ªx`cjX£rmq#f]YCrt5ªx~}fvjknf]k@jY@ª9Ã¯kn{erW°¢
fxW*YCdC­
 
	

  !
" ..
#%$& ¼ ¼ ('*)©$,+ Àc¿¼ .-) (  & '*) ¼  ½ /
0 1)/e À  ½ 2)/Á43 5)x(' À )/ )6'® ½ À - & ¼ ¼ '*) 7
­8 jlm¥fvY*tvjWo `cf]tvrW°fvrt]Y ­­$­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 
­8@­8 \µnY*tvcjYC¤ ­$­­$­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 
­8@­  \µt]o9xj:9Cxf]jlknjlEÃ¯knY5°fvYC{²bnYCtvd ­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 
­8@­ ! /jlnY$S¯bcY5dUkx Ã¯Y*mlmld£­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 
­8@­  ´jlYCnt]jfyb kxf]TY	S/¤k(jlm¥fvY*tvjWo `cfvxo@YCd<;-­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­=8
8
­ ?>µj¶?YCt]YC@fsKxf]Tc¤²bedN­­$­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­=8²
­ ! ~zn{ejqxm/\µtvo@nj95#fvjk@ ­$­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­=8C
@BA ¼ / À ) (À Á ¼ )*'6)5C,'*)  & ¼ ¼ ('*) # 7
!W­8 [Þ9fvY*tvWxm´¹§ke{eYCm©®knt!zY*rtvkn ­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­=8#
!W­8@­8 SUTY[Þ@fvY*o@tvxf]jlknED¯p@r#f]jlkn ­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­=8#
!W­8@­  ´jlYCntU·ztvk²¸ejX #fvjk@¤jf]T±tvYCd]Y5°fUf]k(fvTY[Þref­$­$­­$­­$­­$­$­|­$­=8(F
!W­8@­ ! !kn¢PmljWYCxtvjfyb jf]TWY£Ã¯[y ¹§ke{eY*m(­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ n
!W­8@­  `cknmlref]jlkn¤jf]T¦`cjl«nY5d ­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ G8
!W­8@­  Ã¯knW*mrWd]jlkn®k@tf]TWY|s t]Y5dgYC@fz~Yf]jlW(¹§ke{eYCm7­ ­$­|­$­­$­$­­$­­$­­$­$­|­$­ @
!W­ ¹¦kc{Y*mljoÃ¯TYCX(jlCxm/`cbcWnWd]YCd ­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ H!
!W­ ­8 `cjX(mlY	¹§ke{eYCm®kntz `cbcWnef]jq~YC*Y*efvknt ­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ H!
!W­ ­  !Y*rWt]knf]txWd]X(j¥f]f]Y*t~YCmY5nd]Y ­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ @
!W­ ­ ! Sk#¤Uxt{d(`eb9xefvjl$¹§ke{eYCm ­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ n
!W­ ­  ·`cbcWxefvjl¹§ke{eYCm ­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ n
!W­ !?D mY5°f]tvjq*xm/Ã¯k@rmljWo iY*fy¤¯YCY*¦Ã¯Y*mlmld ­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ n
I ¼ ('*) (À Á ¼ ) @J#
­8 ~YCYCef]k@tvdC³Kx±·{xf]jlo`cWxf]jlkx¢Pf]Y*X(?kntxm©jmf]YCt ­­$­|­$­­$­$­­$­­$­­$­$­|­$­K!28
­8@­8 \µWdgjlWdnW{s Tkxfvkxf]txd]{er°f]jlkn¦Ãndv*@{eYa­­$­|­$­­$­$­­$­­$­­$­$­|­$­K!28
­8@­  suTkxfvkxfvtvnWd]{rW°fvjk@jl§Ã¯k@YCd±­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­K!9
­8@­ ! suTkxfvkxfvtvnWd]{rW°fvjk@jl~kc{Wd ­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­K!c
­8@­  ~YC*Y*efvkntµÃ¯knrWmjlo-­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­K!c
­ ?Lzkntvj9Ckn9fvnmÃ¯Y*mlmldC³ ´ke*nm´·@Y*txo@Y*td­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­K!@
­ ! Zjlk@mlntµÃ¯Y*mlmldC³KZUxW{c¢¬W@d]dUjmf]YCtvd­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 9
­ !W­8 Z¯jl?knmqxt ´jlYCntjmf]YCt§­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 9
­ !W­  `9f]rW{bkx/f]TY	jlm¥fvY*t ­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ M8
­ !W­ ! StxWd]jlY*9fUnW{§`crWdgfvnjY5{Zjlk@mlntµÃ¯Y*mlmld ­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ c
­  `ej«@YN|Y*YCtvxf]jlknjf]TWY$[Þs  ­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ O!
­ ­8 Nxo@mjlknWntÃ¯YCmmqd-­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ O!
­ ­  ·X n*t]jlYÃ¯Y*mlmld³3®rWtgfvTY*tz·{Wxef#f]jlkn±x{`cjlonxm`cTWnjlo¦­­$­­$­$­|­$­ @
­ ·µd]d]Y*X£imljohfvTY	~Yfvj­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 9
P5P Ê.Q2R S<TS
    
	  . < *(
/ ¼  )®C I 7
­8 Du¸c?Y*tvjlXhYC9fvxmsut]knf]kek@m­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ e
­  `ejo@mY£Ã¯YCmm`ejX£rmlxf]jlknWd£­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ OF
­ ­8 >ztvj¥ fvjWoEN|tvxf]jlo@d­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ OF
­ ­  `9fvxf]jqN|tvxf]jlo ­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ OF
­ ! `ejX£rmlxf]jlknkn§x±·tvt²b kx Ã¯Y*mlmld­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ n
­ !W­8 ·Wnt]jf]jlknkx3`9fvxf]jq|[ÞX(nonY­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ n
­ !W­  ~YCd]k@Wd]YµfvkN|t]jq{d ­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ H!
­ !W­ ! ¹§k#cjo `cY5p@rWY*W*Y ­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ @
 'Ï5*C(' À ) À )N & ¼ + ¼  ¼ ) (À Á ¼ ) / 7
7 3   ¼À  G)Á + ¼ # ¼ x('! ¼  #"
e­8 SUTWY£Ã¯[y X(ke{eY*m´nW{¦Ã¯kn9f]tndgf Nnj¦Ã¯kn9fvt]k@m ­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ @
e­  [ÞX(tvk#cjWoh~Y*f]jlWxm3Ã¯knY5°fvjcjfyb;­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 28
e­ !?Du¸9fvY*Wd]jlknf]k hX(kc{Y*m´kn/fvTY 5N ! ­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 9
$&% À )/ ) ' À ) M@
 % À )' À ) /' À ) À -(*) À ) ¼ )('Ï ) 3 ' )Ï ¼ # 2I
·­8 Du¸e@°f|Ãnml*rmlxf]jlknWd ­­$­­$­­$­$­|­$­­$­­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ 9
·­  ·z§·tvk²¸ejX xf]Y$S¤kx¢¬WntvnXhY*f]YCtjlm¥fvY*t5­ ­$­$­­$­­$­|­$­­$­$­­$­­$­­$­$­|­$­ @
+-, '*) ¼  (À Á ¼ )*'6)5C À - & ¼ 3 ¼c¼ Á/3 -P À /. À .'0 À )C ) % ¼ ) )Ï 7 #
1!2P31 Ä
 
	

  
    +-./  	U!  
  U/
/jlonrWt]Y 8@³ LrWX(n tvYf]jlW d]Y*YC
f]Ttvknro@T x(knT9fxmlXhk9d]*kn?Y
 ®tvknX
 n
SUTWYcjld]rWnmd]bedyfvY*X xW{¦f]TY(ndvd]kc*jlxf]Y5{±Y*bnY*¢¬*kn9f]tvknmXhknf]k@t
d]bedyfvY*X fx«@Yh±d]jo@j¥¨?*x9fYCtv*Y*9fvnonY
Ï®Y*¤ f]YCWdkxYCtg¢
*Y*9fvdkn¯fvTY¤Tk@mY*knt]f]Y*¸ºjl"f]TYTcrX n¡itvnj­[Þ"fvTjld
dvk@Y@ª©f]TWYjWref$f]k¦nmm3fvTYCd]Yd]bcdgf]YCX d*ª/j7­ Yn­(fvTY t]Y*f]jlWª/jld
mljl«nY*mlbfvk*nt]tvbknrfµ(mknfzkxKjle®kntvX #fvjk@´­¯· TcrX ntvYfvj

7jo@rt]Y 8¯k@WYC@fvtvxf]Y5d xi?knrf
108
WTkxfvkntvYCYCef]k@tvd ¤j¥fvTjl
{ejqxX(YfvY*tkxxi?knref$@*X  !@uxW{Ef]TWYfvtvnWdgX(jqd]d]jlknEt#fvY
kn fvTY(t]Y*f]jlWjldY5dyfvjX #fvYC{ºiY*fy¤¯YCY*
105
nW{
106
ijfvd$?Y*t
d]YC*knW{´­
SUTY tvYfvjjqd$dgf]tvkno@mb¦dgf]tvrW°fvrtvYC{©­!zkxf	knWmb¦jqdjf	knt]¢
o9xj:9*Y5{;jl mq²bnY*tdCª¤j¥fvT ¨W@YEonYCY*tvjq§fybcY5dkxYCmmqdCªziref
nmld]kµ{j¥¶Y*tvY*9f   kn¢PY*¸ejldgfjlWd]jl{Y¯fvTYCd]Yml²b@Y*td*­SUTWYCd]Y
#f]Tc¤U²bed©kntvtvYCd]k@W{µf]kjle®kntvX #fvjk@	dyfvt]Y5xX d{eY5xmljWo¤j¥fvT
{j¥¶Y*tvY*9f dgWxf]jqxmUxW{ f]YCXh?kntxmUdv*xmlYCd£kxzf]TYcjld]rWxmWr¸­
Wrt]f]TYCt]X(kntvYnª5jl$f]TY*@dgYukntvjX #fvYCdkntX nXhX nmjqxWd´¤j¥fvT
®tvkn9fxm©cjld]jlkn´ªcfvTY$t]Y*f]jlWhk9d]d]YCdvd]YCdU(tv@{ejqxmkntvo@nj95#fvjk@´³
jfvd(*Y*9f]YCtCªK«ck#¤ @d	fvTY .¡j t]jlX #fvYCdCªKjld(d]riewyYCffvkº@Y*tvb"{YfvnjmlYC{ 
Ïx{¡f]TcrWdCªuYCY*tvonb
{Y*X xW{jo!¯t]ke*YCdvdgjloWªed]rWT§ndtvYCn{jo­
SUTY*Y*mlmld	jf]TWY t]Y*f]jlW±*x"i?Yk@Wdgjq{eYCt]Y5{º@dY*rtvknd*ª{rY(f]k±fvTY*jlt	Y*mlYCf]tvjlCxmKtvkn?Y*t]f]jlYCd
nW{§fvTY*jlt	k@Y5°f]jlcj¥fyb@­Lk#¤Y*@Y*t5ª©nd|kn?k@d]YC{§f]k§k@tgfvjlCxmY*rtvknd*ª©X(k@dgft]Y*f]jlWxmKYCmmqd${ekkxf
¨t]Y$xcb"$#*.G  2%. ªknt 
­U\µmbf]TY*Y*mlmldUjlf]TY$mqndgfml²b@Y*t
ÏCxmlmY5{o@xWonmljk@WxtUYCmmqd
¨t]Y$x{d]Y*W{fvTY$Y*W*ke{eYC{cjld]rWxm©jle®k@t]X #fvjk@fvkhf]TY$itxjl9jq£f]TY$k@ef]jq*nm©Y*tvnY@­
SUTY jW*t]Y5{ejlimYu*knX(mlY¸ejfybzkxcknrWt©Y*ccjtvknX(YC@f
®f]tn{ejf]jlknxmlmbtvY®YCt]tvYC{zf]kµnd&gW#fvrtvnmxd]*Y*Y5d(')
tvYCp9rjltvYCdµWxt]f]jqrmqxtµYCtg®k@t]X nWY5d®tvknX fvTY(t]Y*f]jlW­	SUTYhrci?knrW{YC{p@rx9f]jfyb§kx jle®k@t]X #fvjk@
Tnd|f]kEiY*knX(tvYCdvdgY5{¦fvTt]k@ronT"k@rt$cjld]rWxm¯dgbedgf]Y*X±ª/¤TjlT"TW@d	¨Wjf]Yje®k@t]X xf]jlkn"*xnjfybn­
·zW{©ª{eYCd]jf]Y(f]TWjldjqd$X xjlmlb¦tvk#9jq{eY5{¦icb§f]TWY5N ! x{º*knt]f]jq*xmudgf]tvrWf]rtvYCdCª´dgrTWt]keY5d]d]jlo
*knX(YCdµknrfµfvTknro@T¦fvTY(ijo@onY5dyfdyfvY*jºje®k@t]X xf]jlknº*knX(tvYCdvdgjlkn³Uf]TY(tvYf]jlWW­	·zd¨j¥fvY *#¢
njfybºTxYCmK®tvknX fvTYYC9cjlt]k@X(Y*9f
 fvTYWxf]rtxm¯d]*Y*Y5dªfvTYtvYf]jlW§d]Yfd$f]TWYp9rWx9f]jfybEkn
jle®k@t]X #fvjk@fvk(iY$tvkeY5d]d]YC{i9bf]TY$¤TWknmlY|cjqdgrxm´d]bcdgf]YCX±­
Wt]k@X f]TWY	k@j9fzknK9jlY*¤ kxKjle®kntvX #fvjk@fvTY*k@t]b@ªef]TWY	t]Y*f]jlW d]Yfvdf]TY	Wt]keY5d]d]jlo*nWn*j¥fybkn
fvTY¤TknmlYcjqdgrWnmd]bedyfvY*X±­"·zdh§¨Wjf]Y±*nWn*j¥fyb¡TWnYCm ®tvknX x Y*ccjtvknX(YC@f£¤j¥fvT jle¨Wjf]Y
jle®k@t]X #fvjk@*
 fvTY£#f]rWtvnm/dvY*WYCd°ªf]TYht]Y*f]jlW Y5Y5d]dvxtvjmlbYCtg®k@t]X dz*knX(tvYCdvdgjlkn±knKf]TYhcjld]rWxm
jle®k@t]X #fvjk@nW{©ªe®k@tUf]TY9jqd]rWxm´d]bedyfvY*X fvk iY$Y,+jlY*9fCªefvTjqdzk@X(t]Y5d]d]jlknX£rWdgfiY	@{xefvYC{f]k
fvTYY*¸cf]Y*tvWnmY*ccjlt]k@X(Y*9fC­SUTY£t]Y*f]jlW*knX(tvYCdvdgY5dj®kntvX(xf]jlkn¦xff]TtvY*Y£mYCnYCmldC­jtdyf5ª© mk#¤U¢
ndvdu¨Wmf]YCt]jlohkx´fvTY|9jqd]rWxmjlrefjqd¯Wt]k#cjq{eYC{ icb(fvTYµtvYC*Y*efvkntd*ªcd]jW*YzfvTY*bj9f]YCont#fvY-
Ïd]W#fvjlnmmlb
nW{¡fvY*X(?kntxmlmb£xW{ .   *
7dg#f]jqxmlmlbnª¯@d£"{ejlonjfvnm*xX(YCtv/f]TWYmljlonT9fhWt]knwyYC°fvYC{ kn9f]kºf]TY
in«kxf]TWYY*b@Yn­SUTY* *knX(YCdhxWkxf]TWY*t£TxmlmYConY fvTYtvYfvj¦TW@d$f]k{eYCnm¯¤jf]T³(f]TY±²nYCtvnonY
mlrX(jlWxW*Y$kxu(Wxf]rtxmdvYCY$#xtvjY5d{etndgf]jq*nmmlbnCk@tv{ejlohf]kmke*xf]jlkn´ª{²b9f]jlXhY@ªWY*fvx­[Þ±ÏnfCª
 d]jlonmlY	tvYCYCef]k@tz*n±t]Y5Y*jlnY	@d®YC¤ @dknWY	Tknf]kn§YCnYCt]bf]Y*§X(jlcref]Y5d*ª?rW{eYCtµdgfvntmjlonT9f5ªx{
@dXrWT±nd
105
TkxfvknWdU?Y*td]YC*knW{rW{eYCtitvjo@T@fd]rmljo@T@f5­uSUTYmrWXhjlWnWYtxo@YzfvT9rdU²nt]jlYCd
jl ¦Ïn°fvknt£kx
108
xf£mlYCndgf10"2ºYxjlX xmqd£{k¦kxfhY*Y5{ X£rWT jle®kntvX #f]jlkn nik@ref£mlrX(jlWxW*Ynª
P5P Ê.Q2R S<TS
    
	  . < *(
iWref$tvxf]TYCtnik@reff]TY k@iewyYCfvdtvY.WY5°fvjof]TWYhmljlonT9fC­ ·zd$±*knWd]YCp9rYCWY@ª©knrttvYf]jlWtvk#cjl{eY5dµ
mqxtvonY$jlc#xtvjlnWY$¤jf]T¦tvYCd]?YC°fzf]kmlrX(jlWxW*Yn³t]Y*f]jlWxm/knrefvref|TWndµdgjlX(jmqxtµknt{eY*tdkxKX xo@jf]rW{eY
jlnmm?mlrX(jWnWYk@W{ejf]jlknWdC­3SUTjldjlc²nt]jqxYjqdXhk9dyfvmb(tvk#cjl{YC{ icbhf]TY|mljo@T@fUtvYCYCef]k@tvd jf]TY
tvYfvjª©xmf]Tk@ronTºn{{ejf]jlknxm3n{nefvxf]jlkn§fvkmlrX(jk9dgjfyb§jqdµnmld]ktvk#cjl{YC{§icbf]TYhY*¸9fmq²bnY*tdkn
fvTYht]Y*f]jlW­	jlWxmlmb@ª´#f$ fvTjt{¦mlY*@Y*mPª©j®kntvX(xf]jlkn¦jlºf]TYht]Y*f]jlWjqdk@XhWt]Y5d]d]YC{§jlº¤U²bfvTW#f
dgf]tvYCdvd]YCdf]TWY	rW{eYCt]mlbcjWo #   $kx3knrWtcjld]rWxm/dyfvjX£rmlxf]jlkn´³ ¤TW#fz¤Y	*nmmkniewyY5°fvdC­`cfv#fvjldgf]jq*nmmlb
nW{ o@Y*knX(Y*f]tvjlCxmlmb@ªnX(k@dgf¯k@iewyYCfvdtvYC#fvY <O |kn fvTYztvYfvjª@f]TWxfjqd mqxtvonYµxW{ mlke*nmW#xtvjlxf]jlknWd
knef]TY¯mjlonT9fj9f]YCWd]j¥fyb@­/SUTWn«ed´fvkf]TWY¯d]Y5j¨ *knY5°fvjcjfyb|knt]Y*f]jlWxm@ml²b@Y*td*ªCf]TWY ijlono@YCdgf/xX(knrW@f
kn/jle®kntvX #fvjk@tvkeY5d]d]YC{i9bf]TY$tvYfvj£jqdUmlkcC#fvYC{kn±kniewyY5°fYC{onYCdC­
`cY5°fvjk@(µtvYCd]Y*9fvd/fvTYxWxf]k@Xhjq*nmct]k@YCtgfvjY5dkxWfvTYtvYf]jlWW­`cY5°f]jlkn!{eYfxjlmld3k@rt3X(kc{Y*mljo
®t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f]TWYµdvxX(YWxf]Tc¤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fU$onjlnYC
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jf]Tjl§knWY|k@tUfy¤¯khke°f²nYCdk@mb@­
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¤Yht]Y5dgYC9fzf]TWYhX xf]TYCX(xf]jq*nm/®txX(YC¤¯k@t]«¤¯YhTW²@Y£rWd]YC{¦f]krW{eYCtvdgfvnW{¦jl9f]YCtv@°f]jlkndzi?Yfy¤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TWnY*mPªf]T#f$t]YCX xjlºk@Wdgfvx9f5ª´xW{Ef]TcrWd
Ei
jqdxmqdgk±kndyf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 1 ÊÕqÓ"ÞÙ3 eÆ7ÈgÓß©Ê²È<²ÆÏÍ°Ê²Ñ Î#ÓgÝÈzÓ|Ñ7Ò#ÓvÙ7ÇÔÓß?ÈCÙ7ÈyÊ*ÙgË 1 ÊÒ#ÓÆ®ÙPÇ1<²ßÔÓÆ< WÙPÎ²È7È<¯Ø²ÆPÓÊ5ÈUÒxÍÙPÈyÊÙPÇÔÓßÍÕÍ°Ê²ÈÊ5È35Æ7Í°Ê(ÇÉÑ Ó
Ê ¯ØxÈgÆ V (x, y, t) Å²È 2#Ê5ÈgÅ(ÓvÙÈÞÝÈyÆÏÛhÒxÍ°ÇÉÊ*Ù (x, y) ÍÕ/Ç Ù7Ñ È<Ø²Æ7ÓÊ²ÈÓÊ²ÅhÕÍ°ÆuÈÞÝÈgÆ®ÛhÙ7Ç1È t Ë Ú Î5ÇÉÑ ÑÏÙPÆ?ÞÙ²Æ7È gÓÊÇÉÊ²ÅyÈzÅ²Ç nÈgÆÏÈyÊ*ÙÈnÈ<ÞÙPÑgË 1 Ê²Î²ÍÍ°ÈyÊ²ÈyÍ²ÑÑÏÛ5Ê²ÓÒ²ÑPÈµÆ7ÈyÒ#ÓÆ®ÙPÇ Ù7ÇÉÍ°ÊÍ°Ê(ÙPÎ²È È<Ø²Æ7ÓÊ²ÈzÍÕ/Ù7Î²ÈzÊ²È<²ÆÏÍ°Ê gÓÊ ßÉÈgÓÅ(ÙPÍ
ÑPÒ#ÓvÙ7ÇÔÓßÉß ÛÝ°ÓÆ®Û5ÇÉÊÑ7Í°ß15Ù7ÇÉÍ°Ê²ÑÕÍ°Æ V (x, y, t) ËÄ/Ê|ÈyßÉÍ°ÊÓvÙ7ÈgÅ|Ñ7Ù7ÆÞÙ²ÆÏÈÑ ¬Î$ÓÑÓ/yÍ°ÆÏÙ7Ç1gÓßÓ5Í°Ê#gÓÊµÇÉÊ²ÅyÈuÑPÒxÈ<yÇ 2 Ò²Æ7Í°Ò²Ó"ÓvÙPÇÉÍ°ÊÙ7Ç1ÈyÑ©Í°ÊµÙ7Î²ÈuÊ²È<²Æ7Í°Ê2. Ñ/Ñ²ÆÏÕlÓ"yÈ°ËÌÈ,ÇÉßÉß@Ê²ÍÙÙPÓ°ÈuÓßÉß@Ù7Î²ÈyÑPÈuÈ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gL
ª/ndvd]kc*jlxf]Y5{¦fvk¦±9rWmm
!zY*tvWdgf knf]YC@fvjlnm7­KSUTjqduWY*rtvkn(X(ke{eY*m?TWnd   $jW{Y*?Y*W{eYC9f¯jlref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dV (t)
dt
= Gexc(t)(Eexc − V (t)) + Ginh(t)(Einh − V (t)) − gL V (t) + I(t), 
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dV (t)
dt
= Gexc(t)(Eexc − V (t)) + Ginh(t)(Einh − V (t)) − gL V (t) + I(t), 
P 
¤TWY*tvY|?kxfvY*9f]jqxmqdnt]Y${ejlX(Y*Wd]jk@mlYCdvd*ªe¤TjlmlY	kn{erW°fxW*YCdnW{±rtvt]YC9fvdTW²nY|fvTY	{ejlXhYCWd]jk@kn
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t]Y5nTY5d²nmrWY|k@Yn­
\µmlb	o9xo@mjlknWnt/*Y*mlmld 
7xW{hdgk@X(YnX(@tvjWY¯YCmmqd´¨t]Yd]j«@YCdC­/Wkntf]TY5dgYUYCrtvknWdCª#Y*@Y*tvbµfvjX(Y
hd]j«@YkcCrtdCª@fvTY$?kxf]YC9f]jqxm
V (t)
jqdUtvYCd]YfUf]k(#xmlrY 9*YCt]k(# fvY*tUf]TWYd]jl«nY 
®?kxfvY*9f]jqxm 9CY*tvk£i?Y*jlo
fvTYtvYCdgf]jlo¦?knjl9fjl knrt£kntvX xmlj9CYC{"Y5p@r#f]jlkn °­ESUTYC´ªK# fvY*t(§k9d]d]jlimYxiWd]knmlref]Yt]Y*®tv@°f]k@t]b
?Y*tvjlkc{´ª 
7 Udgfvntgfd{etvjcjlo
V (t)
no@xjl´­
(À Á ¼ )z ¼ Á/n' À )  Sk±i?YfgfvY*t$r{eY*tdyfxW{¦f]TYh¨Wmf]YCt]jlo±tvkn?Y*t]f]jlYCdµkx 
7 ª´¤YhtvY*¤tvjf]Yjf	jl
fvTY®knmlmlk#¤joh¤U²b?³
dV (t)
dt
= g∞(t)(E∞(t) − V (t)), 
6!$
¤jf]T³



g∞(t) = Gexc(t) + Ginh(t) + gL,
E∞(t) =
Gexc(t)Eexc + Ginh(t)Einh + I(t)
g∞(t)
.
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 8(F
\µYjWj¥fvjlnmk@W{ejf]jlknWdnt]Yµ®kntvonknfgf]YC´ª 
*!/TWndfvTY	d]knmlref]jlkn
V (t) =
∫ +∞
ξ=0
g∞(t − ξ)E∞(t − ξ) exp
(
−
∫ t
t−ξ
g∞(u)du
)
dξ.

Ï/
D¯p@r#f]jlkn 
Ï/KCx(iYµdgYCY*´ª9#fuYC@TfvjX(Y
t
ªcndKf]TYmljWYCxt¯knc@knmlref]jlknhkx
E∞(t)
¤j¥fvT|f]Y*X(?kntxm
«@Y*tvY*m
ξ → Kt(ξ)
ªef]TWxfj¥fdgYCm¥K{eYCYCW{dUknf]TWY$t]Y5dgYC9f¯fvjX(Y
t
­K[ÞW{eYCYC{©ªWknY$*ntvY*¤tvj¥fvY 
®!¯@d
V (t) = E∞ ∗ Kt (t),
¤jf]T



g∞(t) = Gexc(t) + Ginh(t) + gL,
E∞(t) =
Gexc(t)Eexc + Ginh(t)Einh + I(t)
g∞(t)
,
Kt(ξ) = g
∞(t − ξ) exp
(
−
∫ ξ
0
g∞(t − u)du
) ªe®k@t
ξ > 0.

7 
SUTWjldmqndgf®kntvXrWmlxf]jlkn d]Tk#¤df]TWxf
V (t)
jld±xml¤U²bcdmjlY5xtvmb;{etvj@Y*_i9b
E∞(t)
ª|¤TYCt]Y5ndf]TY
{Y*?Y*W{eYCWYE¤j¥fvT;t]Y5dg?YCff]k"fvTYº*knW{er°fvnWY
g∞(t)
jqdWkne¢¬mjlY5xt5­ 
Ï·zW{ @d"t]Y5dgrWm¥f5ªUf]TY
o@mk@iWxmu{Y*?Y*W{eYCWY(fvk±f]TY jlrfvd
Gexc(t)
ª
Ginh(t)
nW{
I(t)
jld	nmld]k±kn¢PmljWYCxt °­Wknt	Y5nT
t
ª
ξ → Kt(ξ)
jqdhmlk#¤U¢PW@d]d ¨Wmf]YCt-
Ïd]jY$jfjldnm¤U²bed¯?k@d]jf]jlnYªcf]TWxfnYCt]j¨WYCd
∫ ∞
ξ=0
Kt(ξ)dξ = 1,
@dk@Y±TYC«ed£YCnd]jlmb®tvknX j¥fd {eY¨j¥fvjk@ jl 
P °­ ·zd(E*knWd]YCp9rYCWY@ª
V (t)
*n i?Yd]Y*YC @d£
fvY*X(?kntxm²nY*txo@jWo|knjlref
E∞(t)
ªe¤j¥fvT²nYCtvnonjlotvkn?Y*t]f]jlYCd{eY*?Y*W{jo£knmlb knf]TY|t]Y5YC@f
#nmrY5dUkx
g∞(t)
­
@ *# 0 , '*) ¼ e   À )J'  ' À ) ¿ 'Ï &  ¼  ¼ n£ À  & ¼  ) /
D¯p@r#f]jlkn 
7$X(Y*mfvd{ek#¤Ef]kfvtv@{ej¥fvjk@WxmmljY5xt|j9fvY*ont#fvjk@¦X(ke{eY*mKd]rWTº@dfvTY [y;YCrt]k@

 ´Y5x«cb¦[Þ9f]YCont#f]Y nW{¡jtvY X(kc{Y*mPª/d]Y*Y Yn­ oW­  85 ®k@t	±t]YCcjYC¤	|¤TY*f]TWYmY5x«#xo@Yhf]Y*tvX
gL
jld
X£rWTTjlonTWY*t¯f]TWn f]TY|#xtvbcjo£kn{erW°fxW*YCd
Gexc(t)
nW{
Ginh(t)
­K[Þf]TWxfCnd]Ynª@f]TY|Y*rWt]k@Wxm
jl9f]YCont#f]jlkn {Y¨WY5{ icb 
7$	jqdhj jfvd )*'6) ¼ e¡#G)C ¼?­¡[Þ j¥fd£mljlYCnthtxWonY fvTYEÃ¯[y Xhke{eYCm
7 
ntvk@@TYCdhmjlYCnt´[y Xhke{eYCm©¤j¥fvT±mY5x«#xo@Y*knW{rW°fxW*Y
gL
nW{jWrefzrtvtvY*9f
Itot(t) = G
exc(t) Eexc + Ginh(t) Einh + I(t).

7$
[ÞW{Y*YC{´ª 
7$k#¤ ¤tvj¥fvYCd
dV (t)
dt
= Itot(t) − g∞(t) V (t) ' Itot(t) − gL V (t),

¬ 
nW{f]TY	d]knmlref]jlkn®tvknX 
P ¤tvj¥fvYCd
V (t) =
Itot
gL
∗ T1/gL (t),

7$
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¤TWY*tvY
Tτ
jldf]TY	{eY5tvYC@dgjlohY¸ek@Y*9fvjlnm©«nY*tvYCm?¤jf]TfvjX(Y	k@Wdgfvx9f
τ
xW{jl@fvY*o@tvnm?k@Yn³
Tτ (t) =



1
τ
exp
(
− t
τ
)
if t > 0
0 otherwise.

*F$
SUTWY(dgfvxf]jq£¨Wm¥fvY*t
ξ → T1/gL(ξ)
jld|fvTYdgjlX(mlj¥¨C#fvjk@Ekx¯f]TYhfvjX(Y¢¬#xtvbcjo¨Wmf]YCt
ξ → Kt(ξ)
j

P ª¤TY*
g∞(t) ' gL ­SUTjqdmljWYCxtd]jX(mlj¨*xf]jlknkx 
7 jqdk@cnY*WjYC@ff]k(o@YfUf]TYCkntvYfvjlCxm©tvYCd]rm¥fdUxi?knref¨Wmf]YCt]jlo(jl
fvTYtvYfvjªdgjlWY	f]TYhmjlY5xtvj¥fybxmlmk#¤dziWnd]jlknrWt]jlY*t|xWnmbed]jldC­ Lk#¤Y*@Y*t5ªj¥f|jldµrW*mY5xtµ¤TYfvTY*t
d]rWT¦nExWt]k²¸ejlX(xf]jlknjldzf]knfvnmmlbwyrdyfvj¥¨WY5{©­z[Þ9fvY*tvYCdgf]jloY¶YCfvdµke*rWt]tvjWo j§fvTYtvYfvj X(jo@T@f
YCnYCi?Y$mk9dyf¤jf]Tf]TWjldd]jlXhWmj¨*xf]jlkn n­
@ *#:@ A À ) ¾ )6'*) ¼  'Ï ½ '*)N & ¼ %  3 (À Á ¼ )
SUTWY|Wkne¢¬mjlY5xtvj¥fyb knKÃ¯[y 
P ªWndUk@X(WxtvYC{f]k 
Ï/°ªeke**rtd#fUfy¤¯k(mlY*@Y*mqd*ªc¤jf]T§{ej¶?YCt]YC@fjlX(mlj¥¢
C#fvjk@Wd*­
 e ½ '6)5C'  ¼  À )/CC2)C  SUTY|¨WtvdgfUkne¢¬mljY5xtvj¥fyb jqdUtvY*mq#f]Y5{ fvk£fvTY|f]YCXh?kntxm¨m¥fvY*tvjoh«nYCtg¢
WY*mPª
ξ → Kt(ξ)
ª3¤TjqT¡jqd$kxf$fvY*X(?kntxmlmbdyf#f]jq(jl"f]TYÃ¯[y X(kc{Y*mP­ 2;TY*f]TYCttvYC*Y*9f$²nmrWYCd
kn
g∞(t)
nt]Y iWjo§k@t	dgX xmlmPªfvTY?kxf]YC9f]jqxm
V (t)
¤jlmmu®knmlmk#¤ f]TY{et]jlcjWo?kxfvY*9f]jqxm
E∞(t)
nY*tvb
d]TWnt]mlb(jf]TWYz¨WtdgfUCnd]YnªexW{XrWTX(kntvYµmlkck@d]Y*mlbhjlf]TYdgY5k@W{Cnd]Yn­3kntfvTYXhk@X(Y*9fCªc¤Y|{ek
Wkxf fx«@Yf]Tjqdkn¢PmljWYCxtvjfyb£jl9f]k£@**knr9fC­K`crWCY5d]d]j@Ymq²bnY*tdKjlfvTYztvYfvjWWª9nW{ knf]TYCt fvtvnWdgX(jqdy¢
d]jlkn§dyfxo@YCdf]T#fzxmqd]khjlX(mlbfvY*X(k@tvnm{eYCml²bed
Ïd]bcWxf]jq|f]txWd]X(jldvdgjlknªndtvYCd]Y*9fvYC{jE`cY5°fvjk@
!W­  °ªc¤jmlm?mY5n{ rWd f]k£tvxf]TYCt¯*knWd]jl{Y*tuo@mk@iWxmPª9*knWdgfvn9fCª@¨Wm¥fvY*tvjWo{eY*mq²bedujlk@rt X(ke{eY*mP­ Lk#¤Y*@Y*t5ª
#nt]bcjlohf]Y*X(?kntxm´dv*nmY5d®kntU¨Wmf]YCt]jlo TW²@Y|i?Y*YC±kniWd]Y*tvnY5{Y*¸c?Y*tvjlXhYC9fvxmlmlbnªx{ *knW{rW°fxW*Y
®k@t]X nmjqdgX d]rWTEndf]TWxfµkn	
7 µk@rmq{±Y¸emqxjlE#f|mY5ndgfµWntgfzknKf]TY5dgY£kniWd]Y*tv##fvjk@Wd*ª?dgYCYh`cY5°fvjk@
c­
 '! J'7'  ¼ ) À    )6' 0n' À )  SUTYºdgY5kn{ Wkne¢¬mjlY5xtvj¥fyb jldjNfvTYEY*¸cWt]Y5d]d]jk@ knf]TY{et]jlcjWo
?kxfvY*9f]jqxm©jfvd]Y*myª
E∞(t) =
Gexc(t) Eexc + Ginh(t) Einh + I(t)
Gexc(t) + Ginh(t) + gL
.

 8C$
`ejW*Y
V (t)
®knmlmk#¤d
E∞(t)
ª 
 8C 3jlX(mljY5d3f]TWxf
V (t)
k@t]tvYCd]k@W{d/f]k	${jcjqdgjlnYdv*nmjloicb	f]TWYfy¤¯k
jlrfvd
Gexc(t)
xW{
Ginh(t)
³/¤TY*hfvTYCd]Yfy¤¯k|jWrefvdKnt]YmqxtvonYY*k@ronThnd3k@XhxtvYC{$fvk
gL
ª
V (t)i?YC*knX(YCdKd]Y*dgjf]jlnYUfvkµfvTYiWnmlnWYUknfvTYUfy¤¯kjlrefd*ª9t#f]TWY*t3f]Txhf]k|f]TWY*jlt dgrWX­K¹§k@t]YUtvYC*jld]Y*mlbnª
 xYCdgf]jlX(xf]YkntvX xmlj9CYC{²nmrWYCd/®knt
Eexc
nW{
Einh
#f3t]Y5dg?YCf]jlnY*mlb
4.6
nW{ −0.6 jhk@t]X xmlj:9*YC{rWj¥fd*­USUTY5dgY$Y5dyfvjX #fvjk@WdTW²@YiYCY*§X n{eY$jl±f]TWYk@tgfvY¸©ªeirefµnt]Y$mljl«nY*mlbfvk iYnY*tvbd]jX(jlmlntjl
 1 ÙWÎ#ÓÑWØxÈgÈyÊ¯Æ7È<yÈyÊ*Ù7ß ÛUÑ7Î²Í!©ÈyÅ ÙPÎ#ÓvÙÊ²È<²ÆÏÍ°Ê²ÑÓÆÏÈ´ÇÉÊ²Å²ÈyÈyÅÇÉÊÓ/Î²Ç1°Î89gÍ°Ê5ÅÞÙ¬ÓÊgÈ/Ñ7ÙPÓvÙPÈ5/ #367 (0% 687	 % 3') "Î²Ç1¬Î
ÙPÆ7ÓÊ²ÑPßÔÓvÙ7ÈyÑ¯ÇÉÊ	Í²Æ,Í*Å²ÈyßØ*Û	ÑPÓgÛCÇÉÊµÙ7Î#ÓvÙ gL ÇÉÑ3Ê5ÍÙKÙPÎ²È7ÓÇÉÊ yÍ°ÊÙPÆÏÇÉØ5Ù7ÇÉÍ°Ê£Ù7Í g∞(t) ÓÊ*Û Í°ÆÏÈË
Í°Ê²ÑPÇÉÅ5ÈgÆÏÇÉÊ$Ó°ÈgÊ5ÈgÆ7Óß
 1 ÍCÅ5ÈgßnÇÉÊ²ÑÏÙPÈgÓÅÍÕÇ Ù7Ñ 1 ÑPÇ1Ò²ßÉÇ 2 gÓvÙ7ÇÉÍ°Ê Ç1°Î*Ù´ØxÈ,ÓÊ²Å#ÓvÙ7Í°Æ®Û|ÇÉÊÙPÎ5ÇÉÑ gÓÑ7ÈË
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 G8
fvTYtvYfvjWW­`crT¡²nmrWYCd$tvYCp9rjlt]Y@ª´®k@t$f]TYf]kxfxmujlrf£rtvtvY*9f
Gexc(t)Eexc + Ginh(t)Einh
f]k
i?Y	iWnmlnWY5{±iY*fy¤¯YCY*§Y*¸e*j¥f#fvjk@¦xW{jlTjlij¥fvjk@´ª?f]TWxf
Ginh(t)
i?Y	i?Yfy¤Y*Y*±¨nYnW{f]YC§f]jlX(YCd
mqxtvonYCtfvTWx
Gexc(t)
­SUTcrWdCª
Ginh(t)
¤jlmlmKiY£f]TY(X xjlºdv*nmjloÏn°fvknt|kx
E∞(t)
f]TWt]k@ronT 
 8C/°­
SUTWY|Y*¶?Y5°fdkxKdgrT?k@dvdgjlimlYkntvX xmlj95#f]jlknjfvTY$t]Y*f]jlW(xtvYµX(YC@fvjk@YC{jl¦`cYCf]jlkn¦c­
@ *#I  À ) /' À ) ¿ '® & 3 '! ¼ 
Yf rdKk#¤Nkndgjq{eY*t¯dgjl«nYo@Y*YCtvxf]jlkn
®ke**rtvt]jloj o9xo@mjlknxtuYCmmqdunW{(dgk@XhYµxX n*t]jlYYCmmqd
¤jf]T£f]TWYU*ml@d]d]jq*xm9jl@fvY*o@tvxf]YUxW{	¨Wt]YUmq²¤$³©f]TWYWY*rtvkn£knf]Y*9fvjlnm
V (t)
®knmlmlk#¤d
P /r9f]jlmejfut]Y5nTY5d
fvTY fvTt]Y5dgTWknmq{º#nmrYknY@­·f	fvTjqd$f]jlX(YnªK¦d]jl«nY jqd	Y*X(jfgfvYC{©ª
V (t)
jldt]Y5dgY*f$f]k¦#nmrY9CY*tvk¦xW{
dgfv²bed¯f]TWY*tvY	{ertvjo nniWdgk@mrf]Yt]Y*®tv@°fvkntvbh?Y*tvjlkc{
τR
ªi?Y®k@t]Y|®k@mmlk#¤jWo
P Uno@xjl´­
`crTºiYCTW²cjk@tµjqd|TWxt{±f]k±dgf]rW{eb§jlºf]TYhonYCY*txm3*@dgY@­ Lzk#¤¯YCnYCtCªdgk@X(Yhntvk²¸cjlX #fvjk@§jld
?k@dvd]jimlY¤TY*fvTY$jWrefvd
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d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c
dVi
dt
(t) = G(Vi+1(t) + Vi−1(t) − 2Vi(t)) − gL Vi(T ) + Ii(t)
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f]kf]TY	jlrfµrtvtvY*9f
I(x, y, t)
­U[¬fµ*n±iY{jtvYCf]mlbd]knmlnY5{jl±f]YCt]X d
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dvxX(mljlojqdµ{Y*Wd]YYCknro@T§f]k±k@Wd]jl{eYCtfvTYh*kn9f]jlcrknrdnYCtvd]jlkn§kx f]TYhtvYCY5{ejloYCp9rWxf]jlkn 
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#fvYC{icbº§d]W#fvjlnm dgf]Y*
s
ªf]TWY 
Ïd]Y*tvjlnm *knW{rW°fxW*Y
G
i?Y*TW²@Ynd
G = G/s ª¤TjlmY$fvTY
ÏWxtxmlmYCm *knW{er°fvnWY gL ª?*xnjf]jlYCd c nW{jWref|*rt]tvY*9fdd]CxmlY|¤jf]T s ³
gL = s/τ
ª
Ii(t) = sI(x, y, t)
ª´xW{
c = s
­>µt]jlcjWo
s
fvk19CY*tvk  !
!Kf]TWY*Eo@j@YCdµrWdµf]TYh®k@mmlk#¤jWo
*kn9f]jlcrknrd¯Y5p9rW#fvjk@º³
dV
dt
(x, y, t) = G ∆V (x, y, t) − 1
τ
V (x, y, t) + I(x, y, t).
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V (x, y, t) = H
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H(x, y, t) = G√
2Gt(x, y) exp(−t/τ)
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σ
³
Gσ(x, y) =
1
2πσ2
exp
(
−x
2 + y2
2σ2
)
.
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H̃(ξx, ξy, ξt) =
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1 +
σ2
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(ξ2x + ξ
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y) − jτξt
,
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√
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τ
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H
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HSep(x, y, t) = Gσ(x, y) exp(−t/τ).
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y , ξt)
nd
H̃(ξx, ξy, ξt)
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ndvdgY5dKf]TWYµtvkn?Y*t]f]jlYCd¯kx*knYµTknf]kxfvtvnWdv{erW°fvjk@nd{eY5d]*t]jliY5{ jlf]TWYCd]Yfy¤k£xt]f]jqmlYCdCª9irefUml@«cd
#nmjq{#fvjk@¡®knt(n{Wxef#f]jlkn mYCnY*mqd	knzmljo@T@f({ej¶?YCt]YC@fhf]Tx {Wxtv«9WYCdvd*­º[¬fhX£rWdyf(knWmb"i?Yd]Y*YC nd
k@rt(#fgfvY*X(efhf]kref x YCp9rW#fvjk@ kn ¤¯YCmm¢¬«9Wk#¤"Ïn°fd(knY*tvjlo¦TWkxf]knf]txWdv{erWf]jlkn´­¡SUTY
{j¥¶Y*tvY*9fUf]YCt]X djlfvTjqdYCp9rWxf]jlkn±xtvYµfvTY®knmlmlk#¤jo³
  I(t)
jld|fvTY(mjlonT9f$j9fvY*Wd]j¥fyb±®Y5{ºf]kf]TY*knY@ª©XhY5nd]rtvYC{§®k@tY¸xX(mlY(jTknf]kndµtvYC*Y*jlnY5{
YCtzd]YCk@W{©­
  Ī
jld´f]TYUxX£ijYC9f/mljo@T@f/j9f]YCWd]j¥fyb@ª²f]kz¤TWjlT$fvTY tvYC*Y*efvknt/TWnd/iYCY* 
 <  x­3[¬fjqd/Cxmqrmq#fvYC{©ª
ontvk@dvdgmlbnª?®tvknX fvTY(mjlonT9f$jl@fvY*Wd]jf]jlYCdtvYCd]Y*9f]Y5{§fvkfvTY(t]Y5YCef]k@t{rt]jloj¥fdt]Y5YC@f$Tjqdgf]kntvbnª
¤j¥fvT¡f]jlX(Y*knWdgfvn@fd	knfvTYk@tv{Y*t	knUk@Yd]YC*knW{ 
®®knt	fvTYY*¶?Y5°fhkx-#<   . 
 <(.*.
 e1 °ªk@tkx3knYX(jcrefvY 
 ®k@tUf]TY$Y*¶?Y5°fkx5 HM  #    c­
  fĪ(t)
jqdUf]TY	f]TYCkntvYf]jq*nmk@W{erWfvnWY$k@YCjWo*xrdgY5{icbf]TYniWd]kntvef]jlknkx
one
Tknf]k@´ª
# fvY*t(n{nefvxf]jlkn knf]TY±YCmm¯f]kºmjlonT9fh*knW{j¥fvjk@Wd
Ī
­ 2ºYrWd]Yf]TWY¤knt{ &ÞfvTY*k@t]Y*f]jq*nm ' f]k
dyfvt]Y5d]d f]T#f£d]jWonmlYzTknf]k@*nYCnY*ti?Y|{eY*f]Y5°f]Y5{icb*knY@ªcY*nYCn{WxefvYC{ fvk£{nt]«cY5d]d
 c¬­SUTcrWd*ª
fĪ(t)
XrWdgf	knmlb¦i?YdgYCY*"nd|fvTYk@Y* djX(rWmld]Y t]Y5dg?kndgY # fvY*t	@{xef#fvjk@
#f	jlmmlrX(jlW#fvjk@
Ī
­E>µY¨WWjo¦nºjlX(rmqdgY tvYCd]?knWd]Yh®kntf]TWYknWY X(n«nY5d|d]Y*dgY@ª/d]jW*Y(f]TY
mjlY5xtvj¥fyb¤jf]T±tvYCd]Y5°fUf]k
I(t)
TW@dUiYCY*±tvk#nY5{#fmlk#¤ jl9f]YCWdgjf]jlYCd  e1 
®¤TWY*
I(t)
xW{
ĪxtvY$dgX xmlm°ªndUjl§jo@rt]Y8²c­
suTknf]kxfvtvnWdv{erW°fvjk@;X(kc{Y*mljo i9b  9|tvkn?k@d]YCd(fvTW#f
fĪ(t)
TW²@Y¦   . %#ºd]TWnY@ªznd
jmlmlrWdyfvtvxf]Y5{EjljlonrtvY 85cª©®k@t	k@YCd|jlEfvTY {xtv«*

Ī = 0
°­Lk#¤Y*@Y*t5ªk@rt$?Y*tdgk@WxmiYCmjlY
jldfvTW#ff]TWYµfvtvnWd]jYC@fUtvYCd]k@WdgYµkniWd]Y*tvnY5{(®kntUk@YCdr{eY*t{ejlX mljo@T@f
ÏjlonrtvY 85 ¯jqd¯t#fvTY*t
{erY|f]k(®Y*YC{e¢PiW@«h®t]k@X Tkntvj9Ckn9fvnm?*Y*mlmld 
7dgYCY|·zY¸Z­K[¬f]TWjldUd]Tknrmq{i?Y|f]TY$Cnd]Ynª9f]TY
f]txWd]jlY*W*bknK*knYt]Y5dg?knWd]YCd¤¯k@rml{±Wkxfzb@YfµnY5xtzxff]TWYmlY*nYCmkn3mljlonT9fg¢ÞdgYCWd]j¥fvj@Y$jk@jl
TWxWY*mqd*ªWf]TWxfz¤Y$Xhke{eYCmY5{±TY*tvY 

GexcR (t)
jl*
6!n  °­·zdµ(t]Y5dgrmfCª
fĪ(t)
X(jo@T9fzknmlbi?Y
k9dgjf]jlnY imlknilª?Y*t]®kntvXhjlo (dgjlX(mlYf]Y*X(?kntxm©mlk#¤U¢Pndvdgjlok@fvTY$mljo@T@fjlref
I(t)
­
 
dgjlon
?
tvY*tvYCd]Y*9fd©f]TWY¯mljWYCxt3xdg¤Y*tkxefvTY¯tvYC*Y*efvknt/f]k|jknX(jlozmljlonT9fC­/[¬fX(YCnWd/f]YCXh?kntxm
k@9@knmlref]jlkn kx
I(t)
¤j¥fvT ®rW°fvjk@
fĪ(t)
­ 2;TY*
I(t)
k@Wd]jldgfvd(kn|?knmlbeTt]k@X #f]jqmjlonT9f
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®o@Y*YCtvnmu*nd]Yª©f]TWY(d]jlon
?
nmld]k±jmlrW{eYCd$±{eknf	tvkc{rW°f$i?Yfy¤Y*Y*ºf]TWY mjlonT9f	dg?YCf]tvrX kn
I(t)
xW{f]TWY$knWd]j& dniWdgk@t]f]jlknd]?YC°fvt]rWX­
  Gmax
jld|fvTY(X(x¸ejX£rX k@W{erWfvxYh¤TY*"xmlm3mjlonT9fg¢Þd]Y*Wd]j¥fvj@YhTxYCmld|xtvYhkn?Y*jºf]TY
t]Y5YCef]k@t dXhYCXitxWY
7ndUjlf]TY	d]bcWxefvjlµfvtvnWdgX(jqd]d]jlknX(ke{eYCm7ª`eYC°fvjk@ !­É °­
 
®rWf]jlkn
x → Sat(x) jld	dv#f]rWtvxf]jlkn¦®rWW°fvjk@´ª¤Tk9dgY d]TWx?Y(jldWkxf$X(kc{Y*mlYC{ºTY*tvYnª´iWreff]TWxf£¤Yd]r?k@d]Yf]kEiY&yk@t]X nmj:9*Y5{/'³£j¥fhtvnonY5d$i?Yfy¤Y*Y*¡#nmrY5d9CY*tvk¦xW{"k@Ynª3¤jf]T 
{eY*tvjl²xf]jlnY±kxknWY§j
x = 0
­ ¹§ke{eYCmjlo TWnY*mdv#fvrt#f]jlkn icb "dgfv#fvjl®rWW°fvjk@ jqd
mqndvdgjq*nm/Wt]keY5{ertvYfvTW#f$i?YCntvd|onkcke{§Y*¸c?Y*tvjlXhYC9fvxm?wyrWdgf]j¨C#f]jlkn  c9ª©cP­hSUTY(dyfvt]YCoxfvT
kxKfvTjld|dv#f]rWtvxf]jlkn±jldµY¸e?Y*tvjX(YC@fxmlmbknidgYCt]@YC{±ndn¦jl@fvY*tvX(YC{ejq#fvY	iY*fy¤¯YCY*¦Y*¸ek@Y*9f]jqxm
d]xf]rt#fvjk@ 

x → 1 − exp(−x)  nW{;¹§jqTWxYCmjqdy¢Þ¹§YC@fvY*Nd]xf]rt#fvjk@ 
 x → x/(1 + x) ­!knf]YfvTW#fiknf]T fvTYCd]Y®r°f]jlknd o@j@Y* nd Y¸xX(mlYCd Y*9f]YCtuf]TWYµ*xf]YConkntvb	kn´¤TW#f ¤YzCxmlmY5{
&yWkntvX(nmj:9*Y5{/'z®r°f]jlknd*­
SUTY£onYCY*txmd]TWnY	knKf]TjqdY5p9rW#fvjk@´ª
GexcR (t) = Gmax−
 !  nªjldµ{erYf]k fvTY	Ï@°fzfvTW#f
tvYC*Y*efvkntdxtvY &ytvY*@Y*tdgY5{/'³3jlWk@X(jo(mljo@T9fµ*nrWdgY5dUjk@jq$TWxWY*mqdf]k"# *­~YCYCef]k@td]xf]rt#fvjk@
jqdjlmlmrWdgf]t#fvYC{±jl¦jo@rt]YE8!eª?¤TY*tvY$¤Y	TW²nY	TWk@d]Y*´ªW®knt®r°f]jlkn
Sat
ª?knWY	kx3f]TWY$f]txWd]X(jldvd]jk@
*rtvnYCd
Tη
t]Y5dgYC9f]YC{jl±`cY5°fvjk@ !W­ e­
2Y	{eY¨Yf]TY   . G 2Ukx/f]TY$tvYC*Y*efvkntndfvTYf]YCt]X%jWd]jq{eYkx®rW°fvjk@
Sat
³
x(t) =
1
Gmax
I ? fĪ (t).

*!28
!zkxfvY(f]TWxf	jf]TWYY¸xX(mlY(kxjo@rt]Y 8(!eª´fvTY¤kntv«cjo?knjl@fCx"i?Y Y*o9#f]jlnY@­[ÞW{eYCYC{©ªf]TYCt]Y
*knrmq{±i?Yh crX£iYCtzkn TWxWY*mqdf]T#f|nt]Y£xmlt]Y5n{ebmlk@d]YC{±jl§f]TY({nt]« 
®¤TYC
I = 0
ª?nW{±fvTW#f
*kn9f]tvjliref]Yhfvk±o@t]k@rW{E*knW{rW°fxW*Y(*mk9dgjlokx
Gmax − G0
jºf]TY{Wxtv«?­(tvknX f]TY ?knjl9fkn
cjlY*¤ kn  c¬ªf]TY5dgY(TWxWY*mqdµ*knrmq{Enmld]kk@YC´ª©X(YCnjWof]T#f|f]TY(YCmm3¤knrmq{Ed]Y*Y &g{nt]«@Y*tzf]TWn
{Wxtv« '°ªt]Y5dgrmf]jlo¦jl¡fvTYr{eY*tdgTWk9knfkxfvTYjlX(rmqdgYt]Y5dg?kndgY{eYCjq°f]Y5{¡jl jo@rt]Y,85c­E[Þ knrt
?knjl9fzkxKcjlY*¤$ªf]Tjqd  Y*o9#fvj@Y*Wntgfµkx3f]TYhd]xf]rt#fvjk@®rW°fvjk@
Sat
jqdµkxfzWYCY5d]dvxtvbnªdgjlWY	f]TY
rWW{eY*td]Tkckxf$j¡jlonrtvY 85jld¤Y*mlmuY*¸cWmlnjY5{EicbE®Y*YC{iWn«§®tvknX Tkntvj9Ckn9fvnmKY*mlmqd*ªn°fvjWo±xf$f]TY
mlY*@Y*m´knKkxf]TWY*tz*knW{er°fvnWY5djl±f]TY£t]Y5Y*f]knt  dUXhYCXitxWYn­USUTjldzX(YCxdUf]TWxfzjl§knrtk@ef]jqxªknY
*knrmq{TW²nY{ejlt]Y5°f]mlb
G0 = Gmax
­
, '*) ¼ e #G)5C ¼  ¼ # / 5e/#e' À )  [¬/fvTY¤¯k@t]«cjlo?knjl9f
x(t)
jl 
6!G8jldUmlk@d]Y|Y*k@ronTf]k
0
ª
@d *knX(WxtvYC{£fvk	f]TWYzk@t]X xmlj:9*YC{ dv#fvrt#f]jlkn(#xmlrYµkx
1
ª@f]TWY* fvTYztvYC*Y*efvknt jqdujljfvd¯mjlY5xt txWonYnª
X(Y5xjlohf]TWxfj¥fdUt]Y5dg?kndgY$*ni?Y	xWt]k²¸ejlX #f]Y5{icb³
GexcR (t) ' G0 − I ? fĪ (t),

*!9 
¤TWY*tvY
G0
jqdfvTY#nmrY£kx
GexcR
¤TY*
I = 0

Ïd]Y*Yh/jlonrWt]YE8! ­z[¬umljY5xtvj¥fybjqdz@Y*tvj¥¨WY5{©ªfvTY*Ef]TY
tvYC*Y*efvknt/YCtg®k@t]X d/mjlYCnt/d]W#fvjkn¢7fvY*X(?kntxm@d]TWnjWozkxefvTYjmlmrWXhjlWxf]jlkn£d]jlonWnm7ª5f]TWt]k@ronT®r°f]jlkn
fĪ(t)
­hSUTWjldjqdkxf	nm¤U²bedfvTY *nd]Yhjt]Y5xm3tvYCYCef]k@tvdC­h`eknX(Y1  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 #   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 *  jqdjW{Y*YC{
k@iWd]Y*tvnYC{j±mljo@T9fg¢¬jW{rWY5{*rtvt]YC@fd#fTjlonTjlmmlrX(j#f]jlknª{erYfvk(f]TYÏ@°ffvTW#ffvTY$t]Y5YCef]k@tjld
WkxfjfvTY$mjlY5xttxo@Yµknjfvddv#fvrtvxf]jlkn±rtvnYxcbcX(kntvY 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 !9
jlonrtvY 85³ Ã¯rtvtvY*9f Wk#¤jWofvTt]k@ronT¡tvYC{c¢ÞdgYCWd]j¥fvj@Yh*knY@ª´f]T#f	TW@d$iYCY*¡{nt]«E@{xf]YC{´ªjl
tvYCd]?knWd]Y fvk	?nd]TYCdkx?mjlonT9f5­
7· 3~Y5dg?knWd]YkxWfvTYk@Y fvkit]jlY nd]TY5d/knjlWtvYC@dgjloµj9f]YCWd]j¥fvjY5d*­
`eTknt]f{ert#f]jlkn kxµf]TY@dgT jlWdgrWt]Y5dfvTW#f fvTY¦d]riWd]YCp9rY*9fxdg¤Y*thTWnd "d]TWx?Y§mlk@d]Yfvk"f]TY
fvTY*k@t]Y*f]jq*nmjX(rWmld]YEtvYCd]k@Wd]Y§kxf]TYdgbedgf]YCX
f(t)
­SUTY¦tvYCd]k@Wd]Y§jldmjlYCntC­ 
7Z ¹§YC@dgrWt]Y5{
nWd]¤¯YCt¯fvk dyfvY*±kx3mljo@T@f5ªWx{Wt]Y5{ejlf]Y5{mljlYCntxWd]¤¯YCtUrWdgjlo jlX(rmqdgY$tvYCd]k@Wd]Y
f(t)

ÏjltmlYCd°­
S/Y*X(?kntxmmljlYCnt¯d]rX(X(xf]jlkn(jqd k@iWdgYCt]@YC{©­!knf]YfvTW#f YCnYC# f]YCt jljf]jqxmWk@Wd]YfCª@f]TWYzk@Yzdgf]jlmm?TWnd
k9dgjf]jlnY£xWd]¤¯YCtC³
f(t)
jqdzknfzfvkxfvnmmlbf]txWd]jlY*9fCª?j¥fTW@dµdyfvt]jq°fvmb±?k@d]j¥fvj@Y	f]YCX(k@tvnmjl@fvY*o@tvnm7­
[Þ f]TYknf]jq*d£kx  9¬ª
f(t)
jqd£Wt]k@k@tgfvjk@Wxm f]k¦fvTYmjlonT9fg¢¬jlW{erW*YC{ *knW{rW°fxW*Ykn?Y*Wjo
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jf]Tfy¤¯k§*knW{er°fvnWY(jlrefd*ª/knY Y*¸jfv#fvkntvb¦xW{Ef]TWY kxf]TWY*t$jlTjlij¥fvkntvbnªxW{jl
xt]f]jqrmqxtKfvk	YCp9rWxf]jlkn 
P 3fvTW#f{eYCdvtvji?YCduf]TYµY*@knmlref]jlkn kn?fvTYµ*kntvt]Y5dg?kn{ejWo	Y*mlmqd @XhYCXitxWY
?kxfvY*9f]jqxmP³
V (t) = E∞ ∗ Kt (t),
¤jf]T



g∞(t) = Gexc(t) + Ginh(t) + gL,
E∞(t) =
Gexc(t)Eexc + Ginh(t)Einh
g∞(t)
,
Kt(ξ) = g
∞(t − ξ) exp
(
−
∫ ξ
0
g∞(t − u)du
) ªe®k@t
ξ > 0.
·µd/dgfvxf]YC{	jhdgY5°f]jlkn!W­8@­ eª²d]rWTn	jl@fvY*o@tvxf]jlknX(kc{Y*me*n$iYUk@Wdgjq{eYCt]Y5{mjlYCnt¤jf]T	tvYCd]?YC°f
fvkjfvd|jlrefj¥ f]TYhmY5x«#xo@Yk@W{erWfvnWY
gL
jqdzX£rWTEijlono@Y*tzf]TWn§f]TYh#xtvbcjoª?d]jlonWnm¥¢¬j{erWY5{
*knW{rW°fxW*YCd
Gexc(t)
xW{
Ginh(t)
ªcj¤TWjlTCnd]YUf]TY{etvjcjlo	?kxfvY*9f]jqxm
E∞(t)
*niY|k@Wdgjq{c¢
YCt]Y5{ nd¯$mjlY5xt ¤Y*jlonT9fvjo$kn©f]TYzfy¤¯kjWrefvdC­ 2ºY|dgrWk9dgYfvTW#f¯f]Tjqd &yijlo
gL
'*knW{j¥fvjk@j{eY*Y5{
nmljY5d*­S/kjlWdgrWt]Y$mljWYCxtzf]txWd]X(jldvd]jk@´ª¤Y	XrWdgfµnmld]kdgrWk9dgY	f]TWxff]TYh{ej¶?YCt]YC@f|dgbcWnWdgY5dUf]k
iWj?knmqxt*Y*mlmldnt]Y|jfvTY*jltmljY5xttxo@Yn­
[Þ$fvTjqd/Cnd]Yu¤¯Y*n	xmlb|f]TYd]nX(YutvjW*jWmY f]TWxf/TW@d´mlYC{$rWd®tvknX t]Y5Y*f]knt¨Wmf]Y*t
HR

*!H!$f]k
TWkntvj9Ckn9fvnmWYCmmW¨Wm¥fvY*t
HH

*!9 °­ 2YzjlWmlrW{eYzf]YCXh?kntxm?{eY*mq²bedKjlW{erW*YC{ icb(dgbcWnef]jqUf]txdgX(jqd]d]jk@
nW{"dgjlonxm3j9fvY*ont#fvjk@ºjl"ijlk@mlnt	Y*mlmqd 
®¤Tk9dgYhfvjX(Y*knWdgfvn@f5ª{eY*¨WYC{"icb¦«@Y*tvY*m
ξ → Kt(ξ)
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 M8
jl¦fvTYht]Y5Y5{ejWoYCp9rWxf]jlkn´ª?jqd|ntvk²¸ejX #fvY*mlb*knWdgfvn9fµxW{EYCp9rWnmfvk
(gL)−1
ª´{ejtvYCf]mlb§jEf]TY
Wt]YC9jlknrdgmlb§{eY¨WWYC{§¨m¥fvY*td
HR
nW{
HH

Ï{eY*¨WY5{EtvYCd]Y5°fvj@Y*mlbjl 
6!H!/znW{ 
6!@  °­hÃ¯k@rmljojl
fvTYhij?knmqxtYCmmmq²bnY*t|*nºxmqd]kiY(n{W{eYC{ºndµ¤¯Y£TW²nY	?Y*t]®kntvX(YC{±®k@t|f]TYhTkntvj:9*kn9fxmmq²bnYCtC­|·zd
±tvYCd]rmfCª/¤¯Y ¤tvj¥fvY f]TWY mjlYCnt	tvY*mq#f]jlkni?Yfy¤Y*Y*¡mljlonT9f	j{erWY5{¡k@W{erWfvxYCd$nW{ijlk@mlntYCmm
?kxfvY*9f]jqxm´@d*³
VBip(x, y, t) = V
0
Bip + AC ∆G
x,y,t∗ HBip (x, y, t),
with :



HBip = HC − wHS ,
HC(x, y, t) = GσC (x, y)TαC ,τC (t),
HS(x, y, t) = GσS (x, y)TαS ,τS (t).

6!n$
SUTjqdµYCp9rW#fvjk@§dgrX dµr¦k@rttvYf]jlWnmX(ke{eY*m3ndUÏntµ@df]TWY(\µs  ­
HC
x{
HS
xtvY	²nYCtvnonjlo
d]Wxf]jlkx¢Pf]Y*X(?kntxm©¨m¥fvY*tdz{eY*¨WYC{¦Y¸nf]mlbfvTY£dvxX(Y	¤U²b@d¤Y	TW@{§{eY¨WWYC{
HH
ªfvTYTWkntvj9Ckn9fvnm
*Y*mlm¨m¥fvY*t5­|SUTYCb¦k@t]tvYCd]k@W{f]kf]TY#<M  xW{       xt]fµkxKfvTYhij?knmqxtYCmmqdtvYC*Y*efvj@Y
¨Y*mq{d*ªnW{±xtvjld]Y|t]Y5dg?YCf]jlnY*mlb ®tvknX fvTY$tvYCYCef]k@tdgjlonWnm´xW{®tvknX fvTY$Tkntvj:9*kn9fxm©YCmmqdd]jo@WxmP­
AC
jqdUfvTYf]knfvxm©o9xjl®k@tf]TWY# 2 	Wxt]fkxf]TY¨m¥fvY*t  j¥fz*knrmq{iYCxmqrmq#fvYC{ndhtvke{erW°f
knµd]Y*nYCtvnm !zY*tvWdgf(?kxfvY*9f]jqxmqdCª dgbcWnef]jq±xX(mlj¥¨?*#fvjk@ Ï@°f]k@tvdhx{ fvjX(Y§k@Wdyfx9fvdC­ [¬
AC
jld
?k@d]jf]jlnY$fvTY*ºknY	X(ke{eYCmld|xº\!ij?knmqxt|YCmmP­z[¬ujf|jqdµY*o9#f]jlnY@ªWk@Y	X(ke{eY*mqdµn\|3 ij?knmqxt
*Y*mlm7­
V 0Bip
jldfvTY$ontvknrWW{iWj?knmqxtYCmmqd{eYCk@mlnt]j:9Cxf]jlknjf]TWY	{xtv«­
¹§k@t]YUjlX(k@tgfx9f]mlbnª
w
jqdf]TY   6 .    3kx #<M zx{     $jlrfvdC­[¬fKjqdu*nml*rmq#f]Y5{
@d3f]TWYtvxf]jlk$kx?f]TYfvkxfxmo9xjl£®k@t        d]jlonWnm7ª AS ª@¤jf]Thf]TWY #<M zo9xjl AC ³ w = AS/AC ­
w
tvrmlYCdf]TWY$iWxW{e¢PW@d]dtvkn?Y*t]f]jlYCdUknfvTY$ijlk@mlntY*mlmP­ 2ºY	d]r?k@d]Y|f]TWxf
0 < w < 1
­
I :@  0 © /Á ½ À - & ¼ 3 ' )® ¼ 
$ À C ) ) ½ G)Á ¾ 3C   )Ï ¼   knt
w = 1
ªWf]TY	iWj?knmqxtz¨Wm¥fvY*t
HBip
jld  .(.  .  :  <°ªjl§f]TWjld
d]Y*dgYf]T#f¯d]W#fvjlnmmlb£nW{£f]Y*X(?kntxmlmb£kndyfx9f 9*knWYkx?f]TYjlX xo@Y¤jlmlmkxfuYCnk@«nYxcb	tvYCd]k@Wd]Y
kn3f]TY£ij?knmqxt|YCmm 
 fvTW#f|jldCª
VBip = V
0
Bip
°ª©ndzknY£*x¦TWYC«YCnd]jlmb±dgjlW*Y	iknf]T§¨m¥fvY*td
HC
x{
HS
nt]Y|k@t]X xmlj:9*YC{´­
[ÞEf]Tjqd$*@dgY@ªWfvTY dgWxf]jlkx¢Pf]YCXh?kntxm/tvkn?Y*t]f]jlYCdµkx
HBip = HC − HS
nt]Y£iY5dyf$dgYCY*Ef]Ttvknro@T
fvTY®knmlmlk#¤jo({eY5knX(?k@d]j¥fvjk@´ª{ejlt]Y5°fvmbk@iefvnjWYC{®t]k@X 
*!@ °³
HBip(x, y, t) = [GσC − GσS ] (x, y)TαC , τC (t) + GσS (x, y)
[
TαC , τC − TαS , τS
]
(t).

*!c 
SUTY±¨tvdgf(f]Y*tvX knzfvTjlddgrX jld "d]W#fvjlnmmlb iWnW{c¢¬Wndvd£¨Wmf]Y*t5ª¤TjmlY±f]TWY¦dgY5kn{¡f]YCt]X jld 
fvY*X(?kntxmlmb$fvtvnWd]jYC@fK¨m¥fvY*t5­SUTYU¨tvdgfKf]YCt]X jWd]rtvYCd3fvTW#f |fvY*X(?kntxmlmbdgfvxf]jqUiref¯d]Wxf]jqxmlmb	Wkne¢
rWj¥®k@t]X 9*k@Y$kx3fvTY	jlX(nonY 
ÏYn­ oW­Ux§YC{onY$jl¦dyf#fvjljlX xonY  KY*@kn«@Yd]knX(Y$tvYCd]k@Wd]Y$kx3f]TY
iWj?knmqxt*Y*mlm7ªY*nYC±mk@o# fvY*tk@WdgY*fkx3f]TWY$jX xo@Yn­Ã¯kncnYCtvd]Y*mlbnªcfvTYd]YCk@W{f]Y*tvX-jWd]rtvYCdUfvTW#fz
d]Wxf]jqxmlmb(rj®kntvX±ªcirefUf]jlX(Y¢¬²nt]bcjlojl9f]YCWdgjfyb Wxfgf]YCt]ª9¤jlmlmnmld]kYCnk@«nYtvYCd]k@Wd]Yzjlo9xo@mjlknWnt
*Y*mlmldC­KSUTYCd]Yµfy¤¯khtvkn?Y*t]f]jlYCdUxtvYzk@iefvnjY5{fvTWxW«cd¯fvkfvTYkne¢Þd]Y*Wntvnijmljfybhkn´f]TWY|iWj?knmqxt¨Wmf]YCtCª
HC − wHS
­
P5P Ê.Q2R S<TS
c    
	  . < *(
+µe²'7 ) ) ½ 3G)Á ¾ 5   )® ¼   [¬
w < 1
ª©fvTY ijlk@mlnt*Y*mlmu¤jlmmKtvYCd]k@W{Ef]k§X(j¸cf]rtvY(kxf]TY

7dg#f]jlkx¢Pf]YCX(k@tvnmmlbKfvtvnWdgjlY*9f¨Wmf]Y*t
HC −HS
nW{kxfvTY 
Ïd]W#fvjkn¢7fvY*X(?kntxmlmb¯dgrWdgfvnjWYC{¨Wm¥fvY*t
HC
­K[Þ{eY*Y5{©ªejfvTjldz*nd]YnªcfvTY$ijlk@mlntU¨Wmf]Y*t¤tvjf]YCdC³
HBip = HC − wHS = (1 − w)HC + w
[
HC − HS
]
.

6!n$
SUTWYUd]YC*knW{f]YCt]X kxf]TYd]rXjqdf]TWYUf]kxfxmlmb£iWx{c¢Pndvd¨m¥fvY*tudgf]rW{ejlYC{hjlhf]TYtvY*cjlknrWdWntvnontxTª
¤TWjmlY|f]TY¨Wtdgff]Y*tvX jqdknWmbWt]k@k@tgfvjk@Wxm?f]khfvTY#<M d]jo@WxmPªcf]TWxfjldhmlk#¤U¢Pndvd ¨m¥fvY*t5­
2;TWxfuxtvY mqxrWd]jlimY¯#xmlrYCd/®knt
w
nd/jWd]jlt]Y5{$®tvknX Y¸e?Y*tvjYCWY ;[¬f]TYijlk@mlnt¨Wm¥fvY*t3jqd´fvkxfvnmmlb
fvtvnWd]jYC@f

w = 1
°ª3xmlmukniewyY5°fd$f]T#f£nt]Y d]W#fvjlnmmlbErWj¥®k@t]X xW{ºfvY*X(k@tvnmmlbºdgfvxf]jq ¤knrmq{kxf
i?Y(ke{eYC{º#fxmlm7­[ÞEYCnYCt]be{²bmj®Ynª©k@rt|Y*bnY5dµnt]Y£Y*@Y*tµt]Y5xmlmb§dgfv#fvjl  ª´dgkf]knfvxmlmlb±dgfvxf]jqjlX xo@Y
Wt]Y5dgYC@f#fvjk@Wd´i?Y®k@t]Y¯knrtY*b@YCdnt]Y¯TWxt{fvkµd]jX£rmlxf]Y@­5Lk#¤Y*@Y*t5ªC¤Y¯{kzknfo@kimljW{£¤TYCdyfxtvjWo
®k@t $mlknofvjX(Yzxf¯|f]knfvnmmlb£¤TWj¥fvY¤nmmP­3SUTjld jX(mljlYCdCªn¤TY*f]TYCtuf]T#f¯d]knX(Ymlk#¤U¢PW@d]dK*knX(?knYC@f
jqdhxmqdgk§tvYCd]Y*9fhj¡fvTYnWd]¤¯YCtkxo9xo@mjlknWntYCmmqd
ÏX(YCxWjo
w < 1
jl k@rtX(ke{eY*m°ªK¤TWYf]TWY*t
fvTW#fKfvTYitxjl(X xWnonYCdfvk$t]Y5k@Wdyfvt]r°fu$d]*Y*Yk@mlb	®tvknXjfvduYC{eo@YCdC­3`crT£fvkxfxmtvYC*knWdgf]tvrW°fvjk@
®tvknX f]TYYC{eo@YCdd]Y*YCX(dz(nY*tvbrWd]Y*mlYCdvd*knX(mljlC#f]jlkn®k@tf]TYitvnj³uj9fvrj¥fvj@Y*mlbnª?(¤¯Y5x«  ontvknrWW{
d]jlonWnmjlo ckn/fvTY	d]*Y*Y$d]TknrWml{xmqdgk(i?Y$TY*mle®rmPªbcjlY*mq{eYC{icbh¤¯YCjo@T9f
w < 1
jl±knrtX(ke{eYCm7­
·z9bc¤U²bnªf]TWY  o@t]k@rW{¯knX(?knYC9fkx$ijlk@mlntYCmmqdjqd*Y*t]fvnjmlb mlYCdvdjlX(k@tgfx9ffvTWx;jfvd
 iWnW{c¢¬Wndvd Uk@X(k@Y*9f®knt±d]*Y*Y"xWnmbed]jldC­ rt]f]TWY*tvXhk@t]Y@ª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$tvYCd]rm¥f5ªnjl f]TWYzk@rt]jlY*t¯{eknX xjl´ª
ncbk@9@knmlref]jlknkxY¸ek@Y*9fvjlnm¨Wm¥fvY*tdUTWndfvTY®knmlmlk#¤johfvtvnWdy®YCt®rW°fvjk@´³
F̃τ1,τ2,...,τN (ξ) =
N∏
n=1
1
1 − jτnξ
,
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j¥fvT¦{ej¶?YCt]YC@f{eYCC²bfvjX(YCdC­k@rt¨m¥fvY*td¤Y*tvY
*kncnk@m@YC{"TYCt]Y@ªu¤jf]T Txtn°fvY*tvjldgf]jq(fvjX(YCd(kn
5
ª
6
ª
10
xW{
15
X dCª ¤TjqT nt]YTWxtnf]Y*tvjqdyfvjl
fvjX(Y5d|®knt$tvYf]jlWnmKmk#¤U¢¬Wndvdµ¨Wmf]Y*td 
Ïd]Y*Y(tvY*?knt]f­hÂµjld]rWnmmlbnª©fvTY tvYCd]rm¥fvjWo¨m¥fvY*t	dgf]jlmmuTndµfybcjlCxm
tvjqdgjlo£f]jlXhY	nW{±{eYCC²b(f]jlX(YnªWiWreff]TYCjtY*¸n°fCxmqrmq#fvjk@jqdUjX(?k@dvdgjlimlY$j±o@Y*YCtvnm7­
¤TWY*tvYd]knX(Ykx/f]TY {τn} *n?k@dvd]jimlbi?Y$YCp9rWnm©knY|f]k nkxfvTY*t 
ÏonY*WY*txm©*@dgY°­D p9rWxf]jlkn 
Ï@ jqd |X(kntvYk@9@Y*jlY*9fK¤U²b$f]k$¤kntv«	knhfvTY¨Wmf]YCtCª9dgjlWYjfvdut]k@YCtgfvjY5dKxtvYk#¤
{YCdvtvji?YC{ºicb¦d]jlXhWmY(YCp9rWxf]jlkn´­!knf]Y xmqd]kfvTW#f	kcY,+ *jYC9fvd
γn
jl 
Ïc|CxiY k@iefvnjY5{¦icb
tvYC{rWjlo	fvTYµf]kxfxm?®tn°fvjk@kx
®@/ujljfvdUd]jX(mlYY*mlY*X(Y*9fd*­u`cjlX(jmqxtvmb@ªcknY|*x{eY*tvjlnYfvTYkcY ¢
¨?jlY*9fvd
γn,k
®k@tKf]TYzonY*WY*txm*@dgY@ªnirfuf]TYµ{eY*o@Y*YCtvxf]YC{f]jlX(YCd
τn
mY5n{£f]k£|f]Y*tvX
1/(1− jτnξ)Knjl 
®9 ¯f]TWxfbcjYCml{dUTxt{eY*t*nml*rmq#f]jlknd®kntUf]TWY	dgjlX(mYYCmYCXhYC9fvdWkcY.+*jYC@fd*­
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Lzk#¤ *x¦d]rWT¦n§Y¸ek@Y*9fvjlnm*@d]Cn{eY$i?Y£{eY5d]*t]jli?YC{±icb®YC¤ WxtxX(Y*f]Y*td<; 2Yi?Y*mljlY*nY	f]TWxfµjl
fvTY	*@dgYkn3iWjk@mk@onjq*xm©d]bedyfvY*X d¤TYCt]Y$xmlm´Y5p@r#f]jlkndxtvYntvk²¸ejX #fvYnª£fy¤kx¢¬WxtxX(YfvY*tUX(ke{eY*m
{Y¨WY5{icbµtvjld]jWozfvjX(Y
τmax
x{£|{eYCC²bf]jlX(Y
τdec
jqdKµd]r+jlY*9f3¨fK®k@t3ncb$mk#¤U¢¬Wndvd*ndv*@{eYn­
SUTY$xtxX(Yfvt]jq®rWW°fvjk@¤YrWd]Y$jld{eY*¨WY5{icb³
Tα,τ (t) =
tα
τα+1Γ(α + 1)
exp
(
− t
τ
)
,

Ï
F$
¤TWY*tvY
α
nW{
τ
xtvYhncb§t]Y5xm3k9dgjf]jlnYhcrXi?Y*tdC­
Γ
jld|fvTY(X #f]TWY*X #fvjlCxm NxX(X ®rW°fvjk@  j¥f
k@mlbd]Y*tvnY5dzndµk@t]X nmj:9Cxf]jlknÏnf]knt5­[¬fdzX(k@dgf|*ml@d]d]jq*xm{eY¨j¥fvjk@¦jqdztvYC*jld]Y*mlb±ndi?Y*jlof]TY
jl9f]YContxmUkxµ®rW°fvjk@
tα−1e−t
k#nY*t
R
+ ªU¤TY* α > 0 ­ LzY*tvY§xo@njª knfv#fvjk@Wd xtvY±knTWY*tvY*9fC­[Þ{eY*Y5{©ª©®rWf]jlkn
x → Γ(x + 1) jqd	xºj9f]YCt]?knmq#fvjk@ºkn fvTY(j9f]YConYCt  Ï@°f]k@t]jqxm?®rWf]jlkn´­ SUTjqdX(Y5xWdfvTW#f-
Ï
F U{eY*¨WY5df]TY	dvxX(Y|®rWf]jlkn§nd
Ï@$ª¤TYC
α ∈ N ­
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 c
Tα,τ
jld¡®r°f]jlkn f]TWxft]Y5nTY5d jfvdX(x¸ejX£rX #ffvjX(Y
ατ
ªzi?Y®k@t]YE{YC*²bcjlo¡¤jf]T;fvjX(Y
*knWdgfvn9f
τ

7/jlonrWt]YzH! °­KSUTcrWd
α
xW{
τ
onk#nYCt]f]TYfy¤¯kWntvnXhY*f]YCtvd3¤YTW²nYTk9dgYCfvk	{eYCdvtvjliY
k@rtY¸e?knYC9f]jqxm  imk@iWdªe¤jf]T´³
{
τmax = ατ,
τdec = τ.
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Ï· 
α = 2.3

7Z 
α = 0.5
jlonrtvY|H!³3S¤kY*¸xX(mlYCdkx´«@Y*tvY*m
Tα,τ
­ !zkxfvYzfvTW#fU¤TY*
α < 1

ÏCnd]Y 
7Z  °ªcfvTY|{Y*tvj##fvj@Yzkn
fvTY	«@Y*tvY*m©jl
t = 0
jqdznm¤U²bed¯jle¨WWj¥fvYn­USUTjldzjldf]TY	X nj±mljX(jfv#fvjk@±®kntcjqdgrxm©¨f]f]jlokn«@Y*tvY*m
Fτ1,τ2,...,τn
¤j¥fvT±£®r°f]jlkn
Tα,τ
jl±dgk@XhY$Cnd]YCd
Ïd]Y*Y$jlonrtvY	#$­
DuX(jltvjlCxmlmbknWYK¨WW{d´f]TWxfn9bk@cnknmlrefvjk@µknY¸ek@Y*9fvjlnmx¨Wmf]YCtvdjld/xml¤²bed©¤Y*mlm@ntvk@nTWYC{
icbd]knX(Y®rWW°fvjk@
Tα,τ (t)
ªeY*¸Y*fUjljfvdUjljf]jqxmtvjld]jWo£Tnd]Yz¤TYCfvTYµi?YCdgfU¨fgfvjWo
α
jqdUdgX nmmlY*t
fvTWx 8 
7jo@rt]Y #/°­£Wknt|f]TWjldtvYC@dgk@´ª¤¯Y({eYCdvtvjliY(xmlm3t]Y*f]jlWxm3mlk#¤U¢PW@d]d¨Wmf]Y*tdicb¦xWt]k@t]jq#fvY
®rWW°fvjk@Wd
Tα,τ (t)
­Lzk#¤¯YCnYCtCª´k@Ymqndgf£p9rYCdgf]jlkn¡d]TknrWml{"i?Yn{W{et]Y5d]d]YC{´­ 2;TWxfmlj«ed£xtvY(f]TYCt]Y
i?Yfy¤Y*YCfvTY²nmrWYCd¯®knt
(α, τ)
®k@rW{Y*X(jlt]jq*nmmlbnªenW{ fvTY|f]jlXhY5d
(τ1, τ2, . . . , τn)
knf]TWY|k@t]jlonjlWnm
Y*¸ek@Y*9f]jqxm¨m¥fvY*tdf]TWxfonY*WY*t#f]Y5{ fvTY$imlkniM;
 ¼ .'! J'*)C 3e#  ¼  ¼ #
α
G)Á
τ
 2Y	onYCY*t#fvYC{Y¸e?knYC@fvjlnm*@d]Cn{eY5d*ªecrX(YCt]jq*nmmlbCxmqre¢
mq#fvYC{fvTYk@t]tvYCd]?knW{ejlo(«nYCt]WY*mPªx{±mkckn«@YC{®kntzf]TY9jqd]rWxmlmbi?YCdgfg¢P¨fgfvjoWxjlt
(α, τ)
­ DuX(jlt]j¢
Cxmlmb@ªe¤¯Y|¨W{k@reff]TWxfU®kntknrWti?YCdgfg¢P¨f]f]jlo
(α, τ)
ªWf]TY	d]rX knfvjX(Y¢Pf]kn¢P?YCn«
τmax = ατ
x{kn
{YC*²b(fvjX(Y
τdec = τ
jqdxml¤²bedUmlk@d]Yµf]k(f]TWY	dgrX kxKxmlm©onY*WY*t#f]jlo£f]jlX(YCdC­uSUTW#fjqd*³
(1 + α)τ '
N∑
n=1
τn.
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τ
®kntuf]TY¤TWknmlY*ndv*@{eYjqdu$?knW{eYCtg¢
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7dgmlk#¤	Y¸e?knYC9f]jqxm¨Wmf]YCtvdC­¯SUTWxfzijlo(f]jlX(Yk@Wdyfx9fvdUT²nY$(ijlononYCtjX(W@°fk@fvTY{eY5*²b fvjX(Y
kn©f]TY|*@d]Cn{eYjqd¯j9f]rWj¥fvj@Yn³KÏndgf ¨m¥fvY*t
i
jlfvTYµCndv*@{eYnª@¤j¥fvTTWntv@°f]YCt]jqdgf]jqf]jlXhY
τi ' 0
ªc{ekcYCd
WkxfX(kc{j¥®b fvTY$dgjlonxm©#fxmlmPªcd]k(j¥fCxknfjlWrWY*W*YµfvTY$cjld]rWnmmlb iY5dyf]¢7¨Wfgf]jlo {eY5*²b(f]jlX(Yn­uSUTY
d]jlXhWmY5dyf$¤U²b±f]k§{ekf]Tjqdjqd|f]k§TW²@Y£Y5nT¦fvY*tvX jlEfvTYdgrWX k@W{eYCt]Y5{Eicb¦jfvdk#¤#xmlrYn­(·W{
jlW{eYCYC{©ªW¤¯Y|¨WW{
τ =
∑N
n=1 τ
2
n∑N
n=1 τn
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fvk¦i?Y§dgrWj¥fximlY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P 81ª¤YTWk@d]Yn³
α =
∑N
n=1 τn
τ
− 1 
7H!$
@dKknrWt #xmlrY®k@t
α
­µdgjlo$fvTYCd]Yzntvk²¸cjlX #fvjk@WdKxml¤²bed3tvk#cjl{YCdu$tvY*mq#fvj@Y*mlb£*kntvt]Y5°fK¨f kn©f]TY
tvYCnm©*ndv*@{eYC{¨Wmf]YCtCª@ddgTk#¤jl±jlonrtvY	#­
SUTY5dgYUYCXhWjtvjlCxmeTk@jl*YCd/®knt
(α, τ)
Cx(nf]rWnmmlb$iYwyrWdgf]j¨WY5{£jl£f]TYk@rtvjYCt3{knX xjl´­[ÞW{eY*Y5{©ª
k@Y$*nTY5«YC@dgjlmlb(f]TWxff]TY$o@Y*YCtvnmWknrtvjlY*tUf]txdy®k@t]X kn/®r°f]jlkn
Tα,τ
jqdonjlnYCicb³
T̃α,τ (ξ) =
1
(1 − jτξ)α+1 .
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SUTYC´ª{eYCnY*mlknWjWo	f]TWY@°fvrWxm?f]txdy®YCt ®r°f]jlkn
F̃τ1,τ2,...,τN (ξ)
kn 
®9 xW{j¥fdUxtvk²¸ejX x¢
fvjk@
T̃α,τ (ξ)
ªWi?kxf]T§xffvTY	d]YCk@W{knt{eY*tUjl
ξ
ªWt]k#cjq{eYCdC³



F̃τ1,τ2,...,τN (ξ) = 1 + j
(
N∑
n=1
τn
)
ξ − 1
2
(
(
N∑
n=1
τn)
2 +
N∑
n=1
τ2n
)
ξ2 + o(ξ2),
x{©³
T̃α,τ (ξ) = 1 + j ((α + 1)τ) ξ −
1
2
(
τ2(α + 1)(α + 2)
)
ξ2 + o(ξ2).
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·µdht]Y5dgrmfCªejlX(k9dgjlohf]T#f
T̃α,τ (ξ)
iYY5p@rxmf]k
F̃τ1,τ2,...,τN (ξ)
ndÏnt#fUf]TY	d]YC*knW{knt{eY*tUjl
ξbcjlY*mq{df]TWY	xtvk²¸ejX xf]jlkn®k@t
α
x{
τ
f]TWxf¤@dUY*X(jlt]jq*nmmlbtvkn?k@d]YC{j 
PncªÉ ! ­
+h¼ *   À )J'  e(' À ) ¿ '® & G) '6) ¼ C ¼ 
α
 YCt]YCmld
Tα,τ
®kntµ¤TjqT
α ∈ N TW²@Yf]TYhknXh¢Wrefvxf]jlknWnm@{e#x9fvnonYzf]khiYjlXhWmYCXhYC9fvxiWmY|f]TWt]k@ronTt]Y5rtdgjlnY¨Wm¥fvY*tvjWoW­ LYCWY¤Y|nmld]kfvYCdgf]Y5{
cjqdgrxm{ej¥¶Y*tvY*YCd¯i?Yfy¤Y*Y*f]TY|i?YCdgfg¢P¨fgfvjo
Tα,τ
nd{eYCdvtvjliY5{(f]TtvknrWonT 
PneªÉ !$ nW{ jfvd &yjl9f]YConY*t
nmWTW'|ntvk²¸ejX #fvjk@@d{eY¨WWYC{icb?³



αN = round(α)
τN = τ
1 + α
1 + αN
.
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WrWf]jlkn
round
tvYfvrtvWdfvTY"mlk@d]YCdgfjl@fvY*o@Y*tf]k
α
­
τN
jld±dgf]jlmmxcbNtvYCxm|crXi?Y*t5ªziWrefjf±jld
Cxmqrmq#fvYC{±d]k(@dU®knt
(αN, τN)
f]k@Y*tvj¥®bkniWd]Y*tv##f]jlkn 
7G81°ªkntY5p9rj#nmYC@fvmb@ªef]k(¨Wff]TY	¨Wtvdgfg¢¬knt{eYCt
{Y*nYCmk@X(Y*9fvdµkxknrWt]jlY*tµf]txWdg®kntvX djl 
Pn £­	SUTjqd|t]ke*YC{ertvY£dgf]jlmlmbcjlY*mq{d|cjld]rWxmlmlb±dv#fvjldg®bcjWo
«@Y*tvY*mqdCªc@dUjmlmlrWdyfvtvxf]Y5{jl§/jlonrWt]Y	#W­
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Ï· 
(8, 102, 15) → (2.8, 11.5) 
7Z  (27, 35) → (0.9, 25.5)

PÃ 
(52, 42) → (0.49, 34.84) 
*>  (52, 41) → (0.50, 33.90)
jlonrtvY¡#W³Wknrt§xWt]k²¸ejlX #f]jlkndkxhY¸e?knYC@fvjlnm$*ndv*@{eYCdicb
Tα,τ
«nYCt]YCmldC­ !zkxfvxf]jlkn_jld
(τ1, τ2, . . . , τN ) → (α, τ)
rWdgjlo(®k@t]X£rml@d
PneªÉ !$°­  <    .@³ kntvjlonjlWxm´Cndv*n{Y|«@Y*tvY*mP­   
   .@³ i?YCdgfzxtvk²¸ejX xf]jlkn±nd{eY5d]*t]jliY5{f]Ttvknro@T 
7neª H! °­       .n³ZYCdgfzxtvk²¸ejX xf]jlkn
¤jf]Tjl@fvY*o@Y*t
α
ª@dzjl 
7x$°­£jlonrtvYCd|k@X(XhYC9fC³ 
7· µnYCt]b±o@k9ke{¦¨fgfvjo§Cnd]Yn­ 
ÏZ µtvknimlY*X xf]jq
¨Wfgf]jloCnd]Yn­SUTY£5¢P®knmq{t]YCY*f]jf]jlkn§kx3Y¸e?knYC9f]jqxm´«@Y*tvY*m
τ = 2
tvk#cjl{eY5df]TYt]Y5xm´«@Y*tvY*m©¤jf]T
crmlmU{eY*tvj#xf]jlnYCd£jl
t = 0
xffvTY
5
¨Wtvdgf£k@tv{Y*td*ª3¤TYCt]Y5nd$fvTY±{eY*tvj#xf]jlnYknf]TY±xWt]k²¸ejlX #f]Y
«@Y*tvY*m3jqd|je¨j¥fvYnªdgjlWY
α < 1
­ 
¬Ã xW{ 
*> |¤¯k@tvdgfg¢Þ*@dgY£d]*Y*Wnt]jlk®k@t|f]TYh¨f]f]jlo±kx¯i?YCdgf$«nYCtg¢
WY*m
Tα,τ
¤jf]T¡n &gjl@fvY*o@Y*t
α
' «nYCt]WY*mPª´f]TWt]k@ronTYCp9rWxf]jlkn 
7x/°­· d]mljo@T@fTxo@Y£knk@Y kxf]TY
k@t]jlonjlWnm Y¸e?knYC9f]jqxmufvjX(Y5d£X n«nYCdf]TWYi?YCdgfg¢P¨fgfvjo
α
tvk@dvd	#xmlrY
0.5
ªKbcjYCml{ejloEfy¤¯k{ej¥¶Y*tvY*9f
ntvk²¸ejX #fvjk@Wd ®kntUf]TWY	Z¯mlrY	*rt]@Yn­
1!2P31 Ä
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[Þf]TjqdUxY*¸©ª@¤YzX(Y*9fvjk@ f]TY|?k@dvdgjlimlYzY¶YCfvd¯kx©fvTYz®YCYC{ein«£®t]k@X=TWkntvj9Ckn9fvnmYCmmqd f]ktvYC*Y*e¢
fvkntd*ªejl±(mjlYCnt®tvnXhYC¤¯k@t]«­
. À .' 0 À )5 ) 3 ' )® ¼ 
Yf
VR(x, y, t)
nW{
VH(x, y, t)
i?Yf]TY?kxf]YC9f]jqxmqdknWt]Y5dg?YCf]jlnYCmbtvYCYCef]k@t/nW{	Tk@t]j:9*k@9fvxm@ml²b@Y*td*­
S/knmmlk#¤ Y¸nfCxmqrmq#fvjk@WdCª¤Ymqn*Yk@rtvd]Y*mlnY5djl¦fvTY£mljlYCnt®txX(Y*¤kntv«ªjlE¤TjqTEd]bcWxWd]YCd
nt]Y¯kndgjq{eY*tvYC{	mjlYCnt/nW{$jlWdyfx9fvnY*k@rWd/kniewyY5°fvdCª#xW{	j£¤TjlTY*rtvknd/nt]Y {t]jlnYC	icb*rtvt]YC@fd*ª
Wkxfk@W{erWfvxYCd
ÏX(YCxWjohfvTW#f¤Y	xtvYµjlf]TY$mljlYCntdgjlX(mj¨C#f]jlknkxf]TWY£Ã¯[y X(ke{eY*m°­uSUTY
Y*¸jfv#fvkntvbrtvtvY*9fkn±t]Y5YCef]k@tvdtvk#nk@«nYC{i9bTknf]kxfvtvnWdv{erW°fvjk@jqdknf]YC{
Iexc(x, y, t)
­ SUTYC´ª
fvTY ®YCYC{eiW@«*knrWmY5d	mljY5xtvmb
VR(x, y, t)
x{
VH(x, y, t)
ª/fvTtvknro@T"fy¤¯k§Y5p@r#f]jlkndd]jX(jlmlnt$f]k

P ! ³



dVR
dt
(x, y, t) = GR ∆VR(x, y, t) − τ−1R VR(x, y, t) + Iexc(x, y, t) − (aVH(x, y, t) + b)
dVH
dt
(x, y, t) = GH ∆VH (x, y, t) − τ−1H VH (x, y, t) + (cVR(x, y, t) + d), 
P@ 
¤TWY*tvY
cVR(x, y, t) + d
tvY*tvYCd]Y*9fdUf]TY 
®mljY5xtvj9CYC{ Y¸jfvxf]kntvb*rtvt]YC@f®tvknX-tvYCYCef]k@tvdf]kTk@t]j¢
9Ckn9fvnm@*Y*mlmldCª#¤TjlmY
aVH(x, y, t)+b
tvY*tvYCd]Y*9fd©f]TWY 
ÏmjlYCnt]j:9*Y5{ ®YCYC{ein«$rtvtvY*9f®tvknX Tk@t]j:9*k@@fxm
*Y*mlmldfvk t]Y5YCef]k@tvdCªc¤TjlTjqdxml¤²bedjWTjiWj¥fvkntvbn­
SUTtvknrWonT¦d]rief]tnf]jlkn±kx3fvTY£dgfvxf]jq	dgk@mrf]jlkn§kxKfvTjqdzd]bcdgf]YCX±ª¤Y*n¦xml¤²bedd]r?k@d]Y
b = 0nW{
d = 0
­SUTY*´ª
VH(x, y, t)
x{
VR(x, y, t)
iY5xtzWknrtvjlY*tfvtvnWdy®k@t]X dC­¯[Þ±fvTY£WknrtvjlY*tzd]Wn*Ynª

P@i?YC*knX(YCd



−jξtṼR(ξx, ξy, ξt) =
(
− GR(ξ2x + ξ2y) − τ−1R
)
ṼR(ξx, ξy, ξt) + Ĩ
exc(ξx, ξy, ξt) − aṼH(ξx, ξy, ξt)
−jξtṼH (ξx, ξy, ξt) =
(
− GH (ξ2x + ξ2y) − τ−1H
)
ṼH(ξx, ξy, ξt) + cṼR(ξx, ξy, ξt),
 d]bedyfvY*X f]TWxfµ*n§iY	Y*¸emjqjf]mlb±dgk@m@YC{©ªemlYC@{ejWo(f]k fvTYk@t]tvYCd]?knW{ejlo(Y¸etvYCdvd]jk@®k@tf]txWdg®Y*t
®rWW°fvjk@®k@tTkntvj:9*kn9fxm©YCmmqd*³
ṼH (ξx, ξy, ξt) = H̃H(ξx, ξy, ξt)Ĩ
exc(ξx, ξy, ξt),
¤jf]T
H̃H(ξx, ξyξt) =
c
ac +
(
τ−1R + GR(ξ2x + ξ2y) − jξt
)(
τ−1H + GH(ξ2x + ξ2y) − jξt
) . 
Px$
SUTWjldjqdznmld]khf]TY£nd]b9X(efvkxfvjlCxm´Y*¸cWt]Y5d]d]jk@®k@rW{icb­2LzY*txrmfj±fvTYCnd]Y$kxK {ejldvtvYfvY	xtvtv²b
kn*Y*mlmldCªjlTjqd 
ÏbnYfrWrimljqdgTY5{ i?k9k@«xi?knrff]TY$tvYfvjWW­
SUTY£jWrY*YhkxKf]TWY	®Y*Y5{eiW@«±Cx¦i?Y£{jtvYCf]mlbX(Y5nd]rt]Y5{f]TtvknrWonT*
7n$ªfvTW#f|jc@knmlnYCdf]TY
fvkxfxmco@nj£kxWfvTY®Y*Y5{eiWn«$mlkckn´ª
ac
­3Zb	dyfvrW{ebcjlo|f]TY{eYCt]jl##f]jlnY5dkn
H̃H(ξx, ξy, ξt)
¤j¥fvT£tvYCd]?YC°f
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S
n    
	  . < *(
fvk
ξx
ª
ξy
xW{
ξt
ª©knWYhCx¦fvY*mlmK¤TYfvTY*tfvTYhTkntvj9Ckn9fvnm¨m¥fvY*t$jqdµmlk#¤U¢¬Wndvdzk@tµixW{c¢¬W@d]dC­· fvY*t
Cxmqrmq#fvjk@WdCªnjfxWY5xtdKf]T#f fvTY|Tkntvj9Ckn9fvnme¨Wmf]YCt{eY*¨WY5{ icb
H̃H
jldxml¤U²bcdumk#¤U¢¬Wndvdud]W#fvjlnmmlbnª
jlf]TY	d]Y*dgY|f]T#f
∀(ξx, ξy, ξt),
∂‖H̃H‖
∂|ξi|
(ξx, ξy , ξt) < 0,
®k@t
i = x, y
­
\µ(fvTYzk@9f]txtvbnª#fvTYTk@t]j:9*k@@fxmc¨Wmf]YCt¯Cx i?YCk@X(YiWxW{e¢PW@d]d   2.. #ªcj?fvTYzo9xjl(kxf]TY
®YCYC{ein«(mkck@iY5k@XhY5d iWjo£Y*k@ronT´­K¹§k@t]Yzt]Y5jqdgYCmb@ª9xfUonjlnYCdg#f]jqxm®tvYCp9rY*b
(ξx, ξy)
ªcf]TY
®rWW°fvjk@
ξt → ‖H̃H‖(ξx, ξy , ξt)tvYC@TYCdjfvdUX #¸ejlXrX-#fUf]YCX(k@tvnm®t]Y5p@rWY*W*b
|ξt| =
√
ac −
(
τ−1R + GR(ξ2x + ξ2y)
)2
+
(
τ−1H + GH(ξ2x + ξ2y)
)2
2
,

P F$
Wt]k#cjq{eYC{µf]TWYu®Y*Y5{eiW@«
ac
jldijloY*k@ronT®k@t´fvTYufvY*tvX_jlWd]jl{eY f]TYd]p9rWnt]YKtvkckxf©fvkzi?Yuk9dgjf]jlnY@­/SUTjqd
X(Y5xWdf]TWxfCª²fvTY*k@t]Y*f]jq*xmlmlbnª5f]YCXh?kntxmctvYCd]knWnWY5d´*n£nY5xt/jf]TYt]Y5dg?kndgY5dknTkntvj9Ckn9fvnm@*Y*mlmld
fvk£f]jlX(Y¢¬²nt]bcjlodgf]jlXrmq#fvjk@´ªc¤j¥fvT?YCn«hkntvYCd]knWnWYz{Y*?Y*W{eYC9fk@ f]TYd]W#fvjlnm?d]Y5°fvt]rX kn
fvTY	dgf]jlXrmlrWdC­
¼  ¼ / À 3 ' )® ¼ 
[Þ(fvrtv´ªxfvTYz?kxfvY*9f]jqxmkn©Tkntvj9Ckn9fvnmYCmmqd
VH(x, y, t)
jldu®YC{(iW@«	fvk	t]Y5YCef]k@tvdCª#f]TWt]k@ronThf]TWY¨Wtdyf
Y5p9rW#fvjk@ kx 
79°­u·µd $tvYCd]rmfCª@f]Y*X(?kntxmt]Y5dgk@WxW*YCdCªxj©f]TYCbhY*¸ejldgfCª9¤jmlmxmqdgk$i?Yzk@iWdgYCt]@YC{(#f¯f]TY
mlY*@Y*mkxf]TY$tvYC*Y*efvknt  d¯knf]YC@fvjlnm
VR(x, y, t)
­ `cX xmlm©k@dvjlmmq#fvjk@WdxtvYµjlW{eYCYC{kniWd]Y*tvnY5{ icb  c´jl
fvTYhjX(rmqd]Y£tvYCd]k@Wd]Y	kx¯d]knX(YhknWYCdfvkiWt]jlY ?nd]TYCdzkx mljo@T9fCª©nd|{eY*Wjlf]YC{Ejjo@rt]Y(nc­$SUTY
nref]TWkntdxfgfvt]jlirefvYUf]TY5dgYk9d]*jmlmlxf]jlknWd/fvkµfvTYWxf]rtvYUkx?f]TYTWkxf]knf]txWdv{erWf]jlkn£t]ke*YCdvd 
 f]T#f xmqd]k
jlcnk@m@YCd3®YCYC{eiW@«(mkckndªnfvTW#fU¤¯k@rmq{(t]k#cjq{eYicb(j¥fdgYCm¥f]TY|ijlTWnd]jqdgTx?Yzkxf]TY|knWYCd@mljWYCxt
nWd]¤¯YCt
7dgYCY`cYCf]jlknW­:8n­É °­N|jlnY*ºf]TWY*jlt$Y¸eYCt]jlX(Y*9fvnmKtvkxf]ke*knmPª©¤¯Y mqxjlX fvTW#f$fvTY(ijWTWnd]jl
d]TWnYxW{f]TWY|k9d]*jmlmq#f]jlknd X(kntvY|mjl«nYCmb*kntvt]Y5dg?knW{ f]k£f]TY|®Y*Y5{eiW@«(®t]k@X Tkntvj:9*kn9fxmY*mlmqd*ªex{
jlcnk@m@Yµknf]TYCtkn{erW°fxW*YCd¯f]Tx±Tknf]kxfvtvnWdv{erW°fvjk@jfvd]Y*my­
+ '! À )7e3 ' )Ï ¼ 
[Þ(tvjlX(xf]YtvYfvjW@d*ªnTkntvj9Ckn9fvnmYCmmqdu{ejqdgWml²b	i?kxfvT(®Y*Y5{eiWn«£knWYCf]jlknWdfvk$t]Y5Y*f]kntdCªnxW{£®YCYC{c¢
®k@t]¤Uxt{knWYCf]jlknWdfvkijlk@mlntzYCmmqd  x¬­·µd tvYCd]rmfCªefvTY	ijlk@mlnt¨Wmf]YCtjldµdyfvjmlm/Cxmqrmq#fvYC{±nd
?knW{Y*tvYC{dgrX kxf]TYd]jlonWnmld|®tvknX tvYC*Y*efvkntdxW{Tk@t]j:9*k@@fxmKYCmmqdCª/ndjl `cYCf]jlknW­ !e­SUTY
iWj?knmqxtU¨Wmf]YCt*ndgf]jlmmiY$¤tvj¥f]f]YC
HBip = HC − wHS ,

7n$
¤TWY*tvY
HC
*kntvt]Y5dg?knW{Wdfvkf]TYµ{ejtvYCfKf]txWd]X(jldvd]jk@	®tvknXtvYC*Y*efvkntd*ª@xW{
HS
k@t]tvYCd]?knW{d/fvk$f]TY
xt]fukx?f]TYzd]jlonWnmef]TWxfuTWndKf]txWd]j¥fvYC{hfvTt]k@ronThTk@t]j:9*k@@fxm*Y*mlmldC­Lzk#¤¯YCnYCtCª
HS
jqduWk#¤ *knX(k9dgY5{
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jo¦f]Ttvknro@T¡f]TWt]YCY*knY5d*ªKk@YknzYC@T"fyb9?Ynªuf]TWxfhTW²@Yi?Y*YC {nt]«
@{xf]YC{´ªej±tvYCd]k@WdgY|fvknd]TYCdUkn/mljo@T9fC­uSUTY$mljWYCxtnWd]¤¯YCtjldnm¤U²bed¯iWjTnd]jlnªWxW{*nYCnYC
{jld]mq²b#f]f]Y*crWxf]Y5{k9d]*jmlmlxf]jlknWd 
ÏTY*tvYnªc®k@tUf]TY  N|t]YCY*knWY°­KWt]k@X  c¬­
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knfy¤khf]Y*tvX d*³
HS = H
FF
S + H
FB
S .
HFFS
*kntvt]Y5dg?knW{WdufvkfvTYWxt]f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